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Abstract—We consider the online scheduling of malleable jobs
on parallel systems, such as clusters, symmetric multiprocessing
computers, and multi-core processor computers.Malleable jobs is
a model of parallel processing in which jobs adapt to the number
of processors assigned to them. This model permits the scheduler
and resource manager to make more efficient use of the available
resources. Each malleable job is characterized byarrival time,
deadline, and value. If the job completes by its deadline, the user
earns the payoff indicated by the value; otherwise, she earns
a payoff of zero. The scheduling objective is to maximize the
sum of the values of the jobs that complete by their associated
deadlines. Complicating the matter is that users in the real world
are rational and they will attempt to manipulate the scheduler
by misreporting their jobs’ parameters if it benefits them to do
so. To mitigate this behavior, we design an incentive compatible
online scheduling mechanism.Incentive compatibility assures us
that the users will obtain the maximum payoff only if they
truthfully report their jobs’ parameters to the scheduler. Finally ,
we simulate and study the mechanism to show the effects of
misreports on the cheaters and on the system.

I. I NTRODUCTION

Interest in parallel computing has risen in recent years
owing to the advancements in multi-core processing, cluster
computing, and symmetric multiprocessing. In a significant
number of parallel computing environments, the user specifies
the number of processors and the amount of execution time
needed when she submits her job to the scheduler. But many
parallel jobs aremalleable: there is a choice of the number of
processors to execute the job on. The job’s execution time is
then a function of the number of processors. Even though it is
more difficult to write an application to support malleability,
the scheduler and resource manager should be able to make
more efficient use of the computing resources by exploiting
the jobs’ malleability.

We consider the online scheduling of malleable jobs in
which each user submits her job to the scheduler along with
parameters that characterize the job’sarrival time (or release
time), deadline, value, and malleability. The scheduler does not
learn about the job arrival sequence in advance; consequently,
the scheduler must make decisions without knowledge of
future arrivals. Thevalueis the payoff that the user earns if the
job completes by itshard deadline; otherwise, she earns zero.
The objective of the scheduler is to maximize the sum of the

values of the jobs that complete by their respective deadlines.
The scheduler can usepreemptionto achieve this goal. The
problem as it stands isNP-hard [1]. Further complicating the
problem is that the users arerational. They behave in their
own self interest and they are welfare maximizing. They will
misreport their jobs’ parameters to the scheduler if it benefits
them to do so. Such manipulations have a global impact as
they introduce inefficiencies and suboptimal performance.

Schedulers in these competitive environments must be de-
signed to cope with the self interest of the users. Fortunately
for us,economicshas been studying problems involving selfish
entities and it has provided tools and solutions. One such tool
is mechanism design theory. The theory provides the founda-
tions for developing mechanisms that optimize thesocial (or
system-wide) objective in the presence of self-interested users.
Mechanismscan be thought of as games in which the rules
are purposely designed to reach specific system-wideoutcomes
(or solutions) by eliciting specific behaviors orstrategiesfrom
the users. There are few goals that need to be considered
when designing mechanisms. The most important is incentive
compatibility. A mechanism isincentive compatibleif each
user’s welfare-maximizing strategy is to truthfully declare her
parameters, regardless of the other users’ strategies. Each
user has a privately knownvaluation function that quantifies
the benefit or loss for a specific outcome. A generaldirect
mechanismconsists of a function that computes a solution
to the system-wide objective and a set ofpayments, one
payment for each user. The user’s welfare is then the sum
of the valuation and her payment. The mechanism’s choice
of outcome motivates the users to truthfully declare their
parameters.

In this work we design MPJS (Malleable Parallel Job
Scheduling), a mechanism for the online scheduling of mal-
leable jobs with individual hard deadlines. The objective of
the scheduler is to maximize the sum of the values of the
jobs that complete by their deadline. As an approximation
to this objective, the scheduler assigns each job the quantity
of processors that minimizes the job’s execution time. We
show that the resulting mechanism is incentive compatible
and individually rational.Individual rationality means that
truthful users will not incur a loss, regardless of what strategies



are employed by the others. We then perform a competitive
analysis on the mechanism.Competitive analysisis a worst
case comparison of the online scheduler against an optimal
offline scheduler. We show that MPJS competitive ratio is at
leastm, wherem is the number of processors in the system.
Finally, we study by simulation the mechanism’s properties.
We experiment with misreports and observe how they impact
the cheater and the system.

Organization.The rest of the paper is structured as follows.
In Section II, we formally define the malleable job model. In
Section III, we describe the problem of online scheduling of
malleable jobs. In Section IV, we provide a brief introduction
to mechanism design theory and show how its concepts relate
to our problem. In Section V, we design an online mechanism
that solves the problem of scheduling parallel malleable jobs.
In Section VI, we show that the mechanism satisfies our goals.
In Section VII, we study by simulation the mechanism by
generating random jobs and observing how the mechanism
operates. In Section VIII, we discuss related work. Finally, in
Section IX, we draw conclusions and present future work.

II. M ALLEABLE JOBS

Feitelson and Rudolph [2] classified parallel jobs into four
classes. A job isrigid or non-malleableif it requires a fixed
number of processors. The allocation of additional processors
does not speedup the execution. When the number of pro-
cessors can be adapted at the start of execution, the job is
calledmoldable. A job is classified asevolvingif the allotment
changes due to its requirements. Finally, amalleablejob adapts
itself to the availability of processors given by the scheduler
or the resource manager.

In this work we consider the problem of schedulingn ≥ 1
malleable jobs on a parallel system comprisingm ≥ 1
identical processors. We assume that jobs cannot share pro-
cessors and thus, jobs must be allocated an integral number of
processors. We consider theperfectly malleable jobs with setup
timesmodel from [3], [4]. This model accurately accounts for
costs associated with communication and coordination. The
model is as follows: a malleable jobj, j = 1, 2, . . . , n, requires
pj units of time to run on a single processor. Theexecution
time, tj , for job j whenmj ∈ [1,m] processors are assigned
to it is

tj(mj) = pj/mj + (mj − 1)c, (1)

wherec > 0 is the setup time to manage a single process. The
constantc is a system parameter that depends on the specific
parallel computing environment. The first term of (1) gives the
computational time, the second gives thesetup time. The setup
time captures the time spent coordinating and communicating
between processes. Figure 1 shows the execution time and
the speedup for this model as functions of the number of
processors. Thespeedupis the ratiopj/tj(mj). The minimum
execution time (maximum speedup) is obtained when jobj is

assignedmmin
j processors,

mmin
j =

{

⌊
√

pj/c⌋ if tj(⌊
√

pj/c⌋) ≤ tj(⌈
√

pj/c ⌉),

⌈
√

pj/c⌉ if tj(⌊
√

pj/c⌋) > tj(⌈
√

pj/c ⌉).

The number of processors assigned to a job is bounded by the
size of the system. Therefore,mj = min{m,mmin

j }.
A scheduler for malleable jobs must make two decisions. It

must decide what jobs to execute and how many processors
to assign to each. Furthermore, the scheduler must ensure that
the number of processors allocated at any given instant does
not exceedm.

There is little prior work on hard deadline scheduling for
parallel jobs. As a consequence, few models account for
preemption costs. In this work we assume that once the
scheduler allocates a number of processors to a given job,
the processor allocation will not change even if the job is
preempted and executed again. Since the number of processors
allocated to a given job does not change across the execution
we assume that the preemption costs are zero.

III. PROBLEM DESCRIPTION

We consider the online scheduling of malleable jobs on a
parallel system. Each userj, j = 1, 2, . . . , n, owns a single job
j. Jobj is released to the system at timeaj (the arrival time)
and has ahard deadlineof dj > aj . If the job completes in
the interval(aj , dj ], the user earns a payoff ofvj ; otherwise,
she receives nothing. The scheduling is computedonline: the
scheduler knows only about the jobs that have arrived and it
cannot foresee jobs arriving in the future.

We define thetype of job j as θj = (aj , dj , pj , vj), which
is a point from thetype spaceΘj . Let Θ = ×j Θj . The
scheduler receives the vectorθ = (θ1, θ2, . . . , θn) ∈ Θ which
it uses to compute the scheduleS(θ, t). ScheduleS(θ, ·) gives
the set of jobs and the number of processors allocated to each
at time t. The number of processors allocated att cannot
exceedm. The goal of the scheduler is to maximize the sum
of values of the jobs that complete by their deadline. The
scheduler is permitted to preempt and migrate jobs in order
to satisfy its objective. This deadline scheduling problemis
known to beNP-hard [1].

Further complicating the scheduling is that the users are
rational (self-interested and welfare-maximizing): a user will
misreport her type if she believes it will benefit her. Instead
of declaringθj , user j declaresθ̂j = (âj , d̂j , p̂j , v̂j) ∈ Θj ,
where the components can be different from their actual
values. Now, the scheduler computes the schedule using
θ̂ = (θ̂1, θ̂2, . . . , θ̂n) ∈ Θ. The consequence of this behavior
is that a suboptimal schedule may result if the scheduler does
not explicitly account for the misreports. As an example of the
determent of misreports suppose that a scheduler implements
a policy of least slack time (LST) first. At timet, job j’s slack
time is the difference between available time (dj − t) and the
remaining computational time. Jobs with the smallest slack
time are executed first. If jobj would not complete in the
schedule, userj can manipulate the schedule by holding onto
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Fig. 1: Execution time and speedup of jobj with pj = 100 andc = 1. Maximum speedup is obtained whenmj =
√

pj/c = 10.

the job or reporting a tighter deadline. Userj’s misreports
may cause other jobs to fail. In the next sections we show
how to cope with the self-interest of the users, by providing
them with incentives to report their true job parameters to the
scheduler.

IV. M ECHANISM DESIGN

In the classical (non-incentive compatible) scheduling lit-
erature, the aim is on designing algorithms and protocols to
optimize some system-wide criteria such as minimizing the
makespan or minimizing the response time. But most of these
algorithms require users to truthfully declare their types. In the
real world, users are rational. They will misreport their types
if it benefits them to do so. These manipulations can result in
suboptimal performance. Until recently, the parallel scheduling
literature has paid little attention to rational manipulation.

Mechanism design, a sub-field of game theory, provides
tools and techniques to solve this problem. Generally, a
mechanism is a set of rules that implements a complex auction
and it is designed to obtain specific outcomes that maximize
(or minimize) the designer’s objective even in the presenceof
self-interested users. A reference on mechanism design is [5].
In the following, we present the mechanism design framework
and concepts that will be used in this paper.

A. Formulation

The mechanism design framework we use assumes that
there is a center (i.e., a scheduler) that implements the
mechanism. Users1 interact with the scheduler through a direct
mechanismΓ = (Θ1,Θ2, . . . ,Θn, g(·)) in which the users
declare the type of their job, denoted̂θi ∈ Θi. The function
g : Θ → O maps the declared types to an outcomeo ∈ O.
An outcomeo = (S(·), r1(·), r2(·), . . . , rn(·)) consists of a
scheduleS(θ̂, t) and a paymentri(θ̂) from each agent to the
mechanism, wherêθ = (θ̂1, θ̂2, . . . , θ̂n) ∈ Θ.

1The mechanism design theory literature refers to users asagents.

User j’s utility is the quasi-linear function

uj(g(θ̂), θj) = −rj(θ̂) + Vj(θ̂, θj),

where Vj(θ̂, θj) evaluates tovj if the job completes by its
deadline inS(θ̂, ·) and zero otherwise. We assume that each
user is rational and risk indifferent,i.e., she chooses her actions
to maximize her expected utility. In doing so, she may declare
a type different from her true type.

B. Goals

There are two primary goals for most mechanisms, incentive
compatibility and individual rationality.

In the following let θ̂−j = (θ̂1, . . . , θ̂j−1, θ̂j+1, . . . , θ̂n) ∈
Θ−j , whereΘ−j = ×i6=j Θi, be the vector of declarations
without userj’s declaration.

Definition 1. A direct mechanismΓ satisfiesincentive compat-
ibility (IC) if, ∀j = 1, 2, . . . , n, ∀θ̂j ∈ Θj , and∀θ̂−j ∈ Θ−j ,

uj(g(θj , θ̂−j), θj) ≥ uj(g(θ̂j , θ̂−j), θj).

A mechanism satisfies IC if the user’s utility maximizing
strategy is to truthfully declare her type, regardless of the
strategies employed by the others. This is beneficial as the user
does not need to expend resources to determine her optimal
strategies. Furthermore, IC leads to a single strategy profile in
which all rational agents choose to declare their true values.

The second goal in mechanism design is individual ratio-
nality2.

Definition 2. A direct mechanismΓ satisfiesindividual ratio-
nality (IR) if, ∀j = 1, 2, . . . , n and ∀θ̂−j ∈ Θ−j ,

uj(g(θj , θ̂−j), θj) ≥ 0.

In a mechanism that satisfies IR, a user who truthfully
declares her type never incurs a loss. This goal is important

2Mechanism design theory literature sometimes refers to this goal as
voluntary participation.



as rational users will freely choose to participate in the
mechanism.

The foundations defined here are used in the following sec-
tions to design an online mechanism for scheduling malleable
parallel jobs.

V. M ECHANISM FORSCHEDULING MALLEABLE JOBS

In this section we outline the design of a mechanism for the
incentive-compatible online scheduling of malleable parallel
jobs with individual deadlines. The scheduling objective is
max

∑

j V̂j(θ̂j , θj), whereV̂j gives v̂j if job j completes by
its deadline, and zero otherwise.

To assist us in designing an incentive compatible mech-
anism, we examine how the misreports can be restricted.
First, assume that userj learns her type at timeaj . Then,
by consideringno early arrivals, we haveâj ≥ aj . Second,
the system can ensureno early departuresby holding each
completed jobj until d̂j . Thus, rational users declarêdj ≤ dj .
Finally, let the scheduler forcibly terminate all jobs executing
longer than declared. Userj then reportsp̂j ≥ pj , allowing
enough time for her job to complete execution.

The system invokes the scheduler upon an event. Anevent
is either a job arriving or a job completing. The scheduler
at these times must determine the set of jobs to execute and
the number of processors to assign to each. Jobs executing on
the system may need to be preempted to run the chosen jobs.
These suspended jobs may be restarted in the future.
Notation. In the following let m∗

j (pj) =
arg min1≤mj≤m pj/mj + (mj − 1)c denote the number
of processors that minimizes the execution time of jobj.
Let t∗j (pj) = min1≤mj≤m pj/mj + (mj − 1)c denote the
minimum execution time of jobj. Finally, the users are
indexed such that ifj < j′ then âj ≤ â′

j . Ties are broken
arbitrarily.

A scheduler needs to make two decisions when scheduling
jobs. These decisions may be interdependent. The first is to
determine the number of processors to assign; the second is
to determine what jobs to execute. Alg. 1 implements these
decisions as follows. First, any jobj that executes is assigned
m∗

j (p̂j) processors. For the second decision, letej(θ̂, t) give
the amount of time that jobj has executed by timet in
scheduleS(θ̂, ·). Job j is completed ifej(θ̂, d̂j) ≥ t∗j (p̂j).
At any time t there is a set of jobs available to run. Denote
this set byAvail. Job j is in Avail if and only if it is
released on or beforet (t ≥ âj), its deadline has not been
exceeded (ej(θ̂, t)+ d̂j−t ≥ t∗j (p̂j)), and it has not completed
(ej(θ̂, t) < t∗j (p̂j)). FromAvail, jobs are scheduled to execute
at t in non-increasing order of value (Alg. 1 line 5–13). The
highest value jobs are extracted fromAvail, one by one (line 6
of Alg. 1). Ties are broken by lower job index. This continues
until a job is found that cannot be executed due to lack of
processors. The algorithm then scans the available jobs forthe
highest value jobs which fit on the remaining free processors
(Alg. 1 line 14–22). Line 15 of Alg. 1 returns⊥ if a job cannot
be found to execute on the remaining free processors. Jobs can

Algorithm 1 MPJS-SCHEDULE(̂θ)
1: for all t do
2: Avail← {j|(t ≥ âj)∧(ej(θ̂, t) < t∗j (p̂j))∧(ej(θ̂, t)+

d̂j − t ≥ t∗j (p̂j))}
3: procs← m
4: jobs← ∅
5: while (Avail 6= ∅) ∧ (procs > 0) do
6: j ← arg maxi∈Avail v̂i ⊲ Break ties by index
7: Avail← Avail/{j}
8: if m∗

j > procs then
9: break

10: end if
11: jobs← jobs ∪ {j}
12: procs← procs−m∗

j

13: end while
14: while (Avail 6= ∅) ∧ (procs > 0) do
15: j ← arg maxi∈Avail|m∗

i
≤procs v̂i ⊲ Break ties by

index
16: if j = ⊥ then ⊲ Return⊥ if no job found
17: break
18: end if
19: Avail← Avail/{j}
20: jobs← jobs ∪ {j}
21: procs← procs−m∗

j

22: end while
23: S(θ̂, t)← jobs
24: end for

Algorithm 2 MPJS-PAYMENT(̂θ)
1: for all j do
2: if ej(θ̂, d̂j) ≥ t∗j (p̂j) then
3: rj(θ̂)← arg minv̂′

j
≥0[ej((θ̂−j , (âj , d̂j , p̂j , v̂

′
j)), d̂j) ≥

t∗j (p̂j)]
4: else
5: rj(θ̂)← 0
6: end if
7: end for

be preempted and suspended. Jobs will always be assignedm∗
j

processors, no matter the percentage that has been completed.
One question is why the simple priority rule ofv̂j is chosen

over another priority rule that takes into account the elapsed
time? One of the biggest problems in designing a priority rule
for our setting is that there is no connection between the job’s
value and the job’s dimensions. Furthermore, if we account for
elapsed time, we cannot guarantee

∑

Vj ≥ max v̂j , a useful
property for our scheduling objective.

The paymentsr1(θ̂), r2(θ̂), . . . , rn(θ̂) are computed using
Alg. 2. The payments take the form of the so calledcritical
payments[6]: user j pays zero if her job does not complete
(ej(θ̂, d̂j) < t∗j (p̂j)); otherwise, she pays the minimum value
v̂′

j that allows her job to complete by its deadline. Since the job
completes when declared̂vj , we havev̂′

j ≤ v̂j . The payment



TABLE I: Declared job types.
j âj d̂j p̂j v̂j

1 0 40 100 5
2 4 25 36 4
3 5 25 64 10
4 10 25 64 10
5 22 35 36 5

rj(θ̂) can be computed at any timet ≥ d̂j when all other
jobs that overlap withj’s time window (âj , d̂j ] are known.
In certain circumstances it would be advantageous to compute
the payments in batch, offline.

The following example illustrates the execution of the
mechanism. Consider scheduling the five jobs with declared
types given in Tab. I on a system defined bym = 16 and
c = 1. Job 1 arrives first and is allocated ten processors.
Job 2 arrives at time 4 and requires six processors. The job
begins executing immediately since there are six unassigned
processors. Job 3 then arrives. This job needs eight processors,
but all processors are accounted for. Since job 3 is declareda
value greater than the executing jobs, preemption occurs. The
scheduler then allocates jobs to processors in non-increasing
order of declared value. This results in job 2 and job 3 being
selected for execution. Even thoughv̂1 > v̂2, job 2 is selected
over job 1 because the number of available processors (8) is
less than the number needed for job 1 (10). Job 2 is preempted
at time 10 when job 4 arrives. Job 3 completes at time 20 and
job 2 resumes execution until job 5 arrives at time 22. Job 2
is preempted and suspended in favor of executing job 5, since
job 5 has a greater value than job 2. Job 4 completes at time
25. At this point job 1 resumes execution. Job 5 completes at
time 33 and job 1 completes at time 39. Job 2 never completes.

The payments are assigned as follows. Job 2 does not
complete, thus,r2 = 0. If either job 3 or job 4 declares a value
less than 5 job 1 would never be preempted and 3 and 4 would
never be selected. This results in a payment ofr3 = r4 = 5.
Job 5 paysr5 = 4 because if less job 2 would resume in its
place and it would never complete. Finally,r1 = 0 since job 1
would complete if declared a value of zero. The users obtain
the following utilities:u1 = 5-0 = 5,u2 = 0, u3 = 10 - 5 = 5,
u4 = 10-5 = 5, andu5 = 5-4 = 1.

Let’s examine the case of user 2 misreporting the value of
its job. That is job 2 is declared a valuev̂2 = 12 > v2 = 4. As
discussed above job 1 is scheduled first and then at time 4 job
2 is scheduled on 6 processors. Job 3 arrives at time 5. This job
needs 8 processors, but not enough processors are available.
Since job 3 is declared a value greater than the executing jobs,
preemption occurs. Job 3 is scheduled on 8 processors and job
2 is continuing its execution on 6 processors. At time 10 job 4
arrives. Job 4 does not preempt any of the jobs since it does not
have a value greater than the jobs that are currently scheduled
(job 2 and 3). Job 2 completes execution at time 15. We are
now able to compute the payment for job 2. If job 2 is declared
a value less than 10, it would not have been able to complete
its execution, since job 4 would have preempted it. Thus, the

payment of job 2 isr2 = 10 (i.e., the minimum value that
allows the completion of job 2 by the deadline). Job 2 obtains
a utility of u2 = −r2 + v̂2 = −10 + 4 = −6. Similarly, we
can show that misreporting the other parameters would lead to
reduced utility. Job 2 would not have incentives to misreport
its parameters to the scheduler, since the mechanism that is
used by the scheduler is incentive compatible (the proof of
incentive-compatibility is provided in the next section).

These mechanism can be implemented naı̈vely using a
simple ordered list. When jobs arrive, they are inserted intothe
list in non-increasing order of declared value. Each insertion
costsO(n) in the worst case. The two inner loops of Alg. 1
are implemented with a single scan of the list from front to
back. Again, this requiresO(n). The total cost forn jobs
is thenO(n2). Alg. 2 can be implemented using Alg. 1 by
sequentially setting the value of each jobj to the value of
the jobs with lesser value. Therefore, the naı̈ve mechanism
implementation runs in worst case timeO(n4).

In the next section, we show that MPJS is an incentive com-
patible mechanism and that it satisfies individual rationality.

VI. MPJS MECHANISM’ S PROPERTIES

In this section we study the properties of MPJS. We first
prove that MPJS is incentive compatible. To prove this, we first
show that the scheduleS(θ̂, ·) obtained by MPJS is monotone.

Definition 3 (Monotonicity). A scheduleS(θ̂, ·) is monotone
if, ∀j = 1, 2, . . . , n and ∀θ̂−j ∈ Θ−j ,

ej((θ̂−j , (âj , d̂j , p̂j , v̂j)), d̂j) ≥ t∗j (p̂j)

then
ej((θ̂−j , (â

′
j , d̂

′
j , p̂

′
j , v̂

′
j)), d̂

′
j) ≥ t∗j (p̂

′
j),

whereâ′
j ≤ âj , d̂′j ≥ d̂j , p̂′j ≤ p̂j , and v̂′

j ≥ v̂j .

If a monotoneS(θ̂, ·) schedules jobj with a “constrained”
type, it must also schedule jobj with a “relaxed” type. We
show thatS(θ̂, ·) obtained by MPJS is monotone. The com-
bination ofS(θ̂, ·) being monotone and the critical payments
guarantee that MPJS is incentive compatible [7].

To prove monotonicity, we first show that by relaxing
the job’s arrival time or deadline the job is still scheduled.
Then, we prove that by decreasing the amount of processing
time it requires the job is still scheduled. Finally, we prove
that increasing the value of the job it does not harm the
job’s schedulability. Combining these three results we prove
monotonicity.

We begin the proof of monotonicity by showing that re-
laxing job j’s arrival time or deadline does not impact its
schedulability.

Lemma 1. The following holds for scheduleS(θ̂, ·): ∀j =
1, 2, . . . , n and ∀θ̂−j ∈ Θ−j , if

ej((θ̂−j , (âj , d̂j , p̂j , v̂j), d̂j) ≥ t∗j (p̂j)

then
ej((θ̂−j , (â

′
j , d̂

′
j , p̂j , v̂j), d̂

′
j) ≥ t∗j (p̂j),



whereâ′
j ≤ âj and d̂′j ≥ d̂j .

Proof: Assume for contradiction that jobj completes
when declared̂θj = (âj , d̂j , p̂j , v̂j) but not when declared
θ̂′j = (â′

j , d̂
′
j , p̂j , v̂j), whereâ′

j ≤ aj and d̂′j ≥ dj . The change
affects when jobj becomes available for execution and placed
in the setAvail in Alg. 1. The availability conditionst ≥ âj

and ej(θ̂, t) + dj − t ≥ t∗j are affected such that the former
condition is true earlier and the latter condition is true later
when jobj is declared with a typêθ′j instead of̂θj . The change
of type does not affect when the job is selected to execute as
this is based on̂vj . Since jobj with type θ̂j is completed in
the shorter time window, jobj with type θ̂′j will also complete,
thus, contradicting our assumption.

Next, we show that decreasing the amount of processing
time does not damage schedulability.

Lemma 2. The following holds for scheduleS(θ̂, ·): ∀j =
1, 2, . . . , n and ∀θ̂−j ∈ Θ−j , if

ej((θ̂−j , (âj , d̂j , p̂j , v̂j)), d̂j) ≥ t∗j (p̂j)

then
ej((θ̂−j , (âj , d̂j , p̂

′
j , v̂j)), d̂j) ≥ t∗j (p̂

′
j),

wherep̂′j ≤ p̂j .

Proof: Assume for contradiction that jobj completes
when declared̂θj = (âj , d̂j , p̂j , v̂j) but not when declared
θ̂′j = (âj , d̂j , p̂

′
j , v̂j), where p̂′j ≤ p̂j . The change affects the

second availability conditionej(θ̂
′, t) + dj − t ≥ t∗j (p̂

′
j). This

condition will be true later for the latter type ast∗j (p̂
′
j) ≤

t∗j (p̂j). Second, the latter type requires fewer processors and
thus, can be executed in situations where the former type
cannot. By assumption jobj with the former type completes.
Thus, jobj with the latter type must complete, a contradiction.

Lastly, we show that increasing the values does not harm
schedulability.

Lemma 3. The following holds for scheduleS(θ̂, ·): ∀j =
1, 2, . . . , n and ∀θ̂−j ∈ Θ−j , if

ej((θ̂−j , (âj , d̂j , p̂j , v̂j)), d̂j) ≥ t∗j (p̂j),

then
ej((θ̂−j , (âj , d̂j , p̂j , v̂

′
j)), d̂j) ≥ t∗j (p̂j),

wherev̂′
j ≥ v̂j .

Proof: Assume for contradiction that jobj completes
when declared̂θj = (âj , d̂j , p̂j , v̂j) but not when declared
θ̂′j = (âj , d̂j , p̂j , v̂

′
j), where v̂′

j ≥ v̂j . The scheduleS(θ̂, ·)
executes jobs in non-increasing order of declared value. Job j
with the latter type will be earlier in this order than when
declared the former type. Because of this, jobj with the
latter type has a better chance of being executed. Since job
j completes when its type iŝθj , it will also complete when
its type is θ̂′j , thus, contradicting our assumption.

We prove that MPJS is monotone by combining the above
three lemmas.

Theorem 1. ScheduleS(θ̂, ·) obtained by MPJS is monotone.

Proof: Assume that jobj completes when declared
θ̂j = (âj , d̂j , p̂j , v̂j) but not when θ̂′j = (â′

j , d̂
′
j , p̂

′
j , v̂

′
j),

where â′
j ≤ âj , d̂′j ≥ d̂j , p̂′j ≤ p̂j , and v̂′

j ≥ v̂j .
By Lem. 1, ej((θ̂−j , (âj , d̂j , p̂j , v̂j)), d̂j) ≥ t∗j (p̂j)

implies ej((θ̂−j , (â
′
j , d̂

′
j , p̂j , v̂j)), d̂

′
j) ≥ t∗j (p̂j)

∀j = 1, 2, . . . , n and ∀θ̂−j ∈ Θ−j . By Lem. 2,
ej((θ̂−j , (â

′
j , d̂

′
j , p̂j , v̂j)), d̂

′
j) ≥ t∗j (p̂j) implies

ej((θ̂−j , (â
′
j , d̂

′
j , p̂

′
j , v̂j)), d̂

′
j) ≥ t∗j (p̂

′
j). Finally by Lem. 3,

ej((θ̂−j , (â
′
j , d̂

′
j , p̂

′
j , v̂j)), d̂

′
j) ≥ t∗j (p̂

′
j) implies

ej((θ̂−j , (â
′
j , d̂

′
j , p̂

′
j , v̂

′
j)), d̂

′
j) ≥ t∗j (p̂

′
j). Therefore, job j

with type θ̂′j will complete if it completes when its declared
type is θ̂j .

We have proved thatS(θ̂, ·) is monotone. Using this and
the following theorem from [7], we prove that MPJS satisfies
incentive compatibility.

Theorem 2. A mechanism is incentive compatible if and only
if: (1) The scheduling algorithm is monotone, and (2) the
payments are critical payments.

Theorem 3. MPJS is an incentive-compatible mechanism.

Proof: This follows directly from Thm. 1 and Thm. 2.
We have shown that MPJS is an incentive compatible mech-

anism. Next, we show that it satisfies individual rationality.

Theorem 4. Mechanism MPJS is individually rational.

Proof: Let job j have true typeθj = (aj , dj , pj , vj). If job
j does not complete by its deadline, thenVj((θ̂−j , θj) = 0 and
rj((θ̂−j , θj)) = 0. For this case,j’s utility uj((θ̂−j , θj), θj) =
−rj((θ̂−j , θj)) + Vj((θ̂−j , θj) = 0. If job j completes, then
Vj((θ̂−j , θj) = vj and r((θ̂−j , θj)) ≤ vj . This implies
uj((θ̂−j , θj), θj) ≥ 0. Therefore, uj((θ̂−j , θj), θj) ≥ 0,
proving that MPJS is individually rational.

We next perform a competitive analysis on MPJS.Com-
petitive analysisconsiders the worst case performance of an
online algorithm to an optimal offline algorithm that sees
the sequence of inputs in advance. A typical analysis has an
“adversary” choosing the inputs to make the performance as
poor as possible. We say that an algorithm isc competitive if
the ratio between the performance of the online algorithm to
the offline algorithm is1/c, wherec > 1 is a constant.

Theorem 5. The competitive ratio of MPJS is at leastm,
wherem ≥ 2, when all jobs arrive at time zero.

Proof: Considerm + 1 jobs. Job 1’s processing time,
deadline, and value arep1 = cm2, d1 = (2m − 1)c, and
v1 = v, respectively. For each jobj, pj = c, dj = c and
vj = v − ǫ, wherej = 2, 3, . . . ,m + 1 and ǫ > 0 is small.
MPJS schedules job1 on m processors for(2m − 1) time
units. Jobs2, 3, . . . ,m + 1 miss their deadline. The offline
scheduler allocates jobs2, 3, . . . ,m+1 a single processor for
c time units. The schedule computed by MPJS has a value of
v, while the offline variant obtains a value ofm(v − ǫ). The



competitive ratio is then at leastm.

VII. EXPERIMENTAL RESULTS

We study by simulation the MPJS mechanism. The sim-
ulation was conducted using software written specifically
for the purpose of modeling the mechanism using Ruby, a
general purpose object-oriented programming language. Inthis
simulation we investigate the effects of misreports on the
scheduling of 50 parallel jobs (n = 50) on a parallel computer
comprising 64 identical processors (m = 64) andc = 1.0.

The true values for the jobs were generated as follows. For
each jobj, j = 1, 2, . . . , 50, we uniformly drawmmin

j , the
number of processors that minimizes the execution time, from
the set{16, 17, . . . , 48}. Then, we setpj = mmin

j (mmin
j + 1),

which gives an execution time oftj = 2 ∗ mmin
j on mmin

j

processors. The arrival timeaj is randomly drawn from
the uniform distribution on the set{0, 1, . . . , 2000}. Then,
the deadline isdj = aj + ρjtj , where ρj is drawn from
the uniform distribution on the interval[1, 5). Finally, we
randomly drawvj from the set{100, 101, . . . , 1000}. After
generating the values, we ran the mechanism with all jobs
reporting truthfully and then selected a job that completed, had
a positive payment, and earned a positive utility. Without loss
of generality, let us label this job asj. The true type for this
job is θj = (932, 1320, 1560, 600). The minimum completion
time is achieved whenmmin

j = 39 processors are assigned to
it. In the following study, userj (the owner of jobj) attempts
various misreports.

We consider nine cases from the perspective of userj. The
cases are:

(1) Userj reports truthfully.
(2) Userj reports(aj , dj , pj , v̂j), wherev̂j > vj .
(3) Userj reports(aj , dj , pj , rj(θ)), whererj(θ) is her pay-

ment when all users declare truthfully.
(4) Userj reports(aj , dj , pj , v̂j), wherev̂j < rj(θ).
(5) Userj reports(aj , dj , p̂j , vj), wherep̂j > pj .
(6) Userj reports(aj , dj , p̂j , vj), wherep̂j < pj .
(7) Userj reports(aj , d̂j , pj , vj), whered̂j < dj .
(8) Userj reports(aj , d̂j , pj , vj), whered̂j > dj .
(9) Userj reports(âj , dj , pj , vj), whereâj > aj .

Userj’s parameters for the above cases are provided in Tab. II.
We first consider the effects of userj’s cheating on her

utility and payment. Figure 2 gives the payment,rj , and utility,

TABLE II: Job j’s parameters
Case âj d̂j p̂j v̂j

1 932 1320 1560 600
2 932 1320 1560 800
3 932 1320 1560 392
4 932 1320 1560 391
5 932 1320 1980 600
6 932 1320 1260 600
7 932 1120 1560 600
8 932 1450 1560 600
9 1200 1320 1560 600

uj , for the nine cases. As we expected, case (1) in which user
j is truthful results in utility at least as great as the other
cases. She pays392 units and earns208 units of utility. In
case (2), the user reportŝvj > vj but she pays the same as
in case (1) due to the properties of critical payments. The
user in case (3) declareŝvj = rj(θ) and, again due to critical
payments, she pays the same as she did in case (1). Her job
does not complete in case (4) as she declaredv̂j < rj(θ).
Therefore,rj = 0 anduj = 0. In case (5) userj pays11.7%
more because she reports a larger job,p̂j > pj , that is more
difficult to schedule. Consequently, the larger payment reduces
her utility by 22.1%. In case (6), she declares that her job is
smaller than what it actually is. The system believes that the
job completes, but the job does not actually finish due to the
lack of processing time. The user pays114 units but her payoff
is zero, giving a negative utility. The user declares an earlier
deadline in case (7). Again, this makes the job more difficultto
schedule; therefore, the user pays11.7% more, which reduces
her utility by 22.1%. In case (8), the job is held beyond its
actual deadline. Since the user does not earn a payoff, she
experiences a loss. In the final case, case (9), the user reports
an arrival timeâj > aj . This makes the job more difficult to
schedule, which increases her payment by17.3%.

We now consider the effects of misreports on the overall
system utility. Incentive compatibility does not guarantee that
the sum of the utilities is maximized when all users are
truthful. Misreports may result in increasing or decreasing the
sum and the actual effect cannot be precisely predicted. The
sum of payments and the sum of utilities are given in Fig. 3. In
the truthful case, 38 out of the 50 jobs complete. In case (2),
the same 38 jobs complete, but the higher value report results
in two jobs paying more. The opposite happens in case (3),
with three jobs paying less than they do in the truthful case.
In case (4), 37 of the 38 jobs from case (1) complete. As we
mentioned above, jobj does not complete. Some jobs pay
more, while other jobs pay less. In case (5), 38 jobs complete.
One job that fails to complete in case (1), completes, which
forces another job to be abandoned. Some jobs pay more while
others pay less. In case (6), 37 jobs complete (jobj fails to
complete). The jobs that conflict with jobj pay less. In case (7)
and case (8), the change in the sum was strictly due to changes
in j. In the last case, 37 jobs complete. Similar to the other
cases, some jobs pay more, while others pay less.

VIII. R ELATED WORK

A significant body of work on malleable job scheduling
focuses on the objective of minimizing the makespan. Such
work in anoffline (batch) context includes [8]–[12]. A frame-
work for scheduling malleable jobs on cluster of clusters
was presented in [13]. Their job model is perfectly malleable
between a minimum and a maximum number of processors.
If fewer processors than the minimum are assigned to the job,
the job would fail. Any number above the maximum do not
achieve any further speedup. Kettimuthuet al. [14] are one of
the few researchers to consider preemption in the scheduling
of parallel jobs. They examined the benefits of preemption to
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improve response timeby preempting long running jobs to
execute short running jobs. Jansen and Zhang [15] considered
the scheduling of malleable jobs with precedence constraints.
They solved the problem in two phases. First, they select
an allotment of processors and then they schedule the jobs.
The only work that we know that considers the scheduling
of malleable jobs with deadlines is [16]. The proposed al-
gorithm divides the jobs into two groups by the tightness
of deadlines. In our prior work [17], we showed that this
algorithm is not monotone. Furthermore, the algorithm cannot
be readily adapted to the online scenarios. Imreh [18] proposed
an algorithm to minimize the height for the online strip
packing problem. This problem is identical to the problem
of scheduling perfectly malleable jobs to minimize makespan.
Dutton and Mao [3] proposed the ECT algorithm for online
scheduling to minimize makespan. For each job ECT chooses
the number of processors to minimize the job’s completion
time. In followup work, Havill and Mao [4] gave an online
algorithm that allocates solely at the minimum execution time.

The above algorithms were not designed to tolerate manipu-
lation by rational users. As we said above, manipulations cause
system degradation. We employ mechanism design theory to
develop a scheduling algorithm that operates in a competitive,
self-interested environment. Nisan and Ronen [19] were cred-
ited with the development of algorithmic mechanism design
which examines mechanism design problems in competitive
settings. A reference on mechanism design is [5]. An incentive
compatible mechanism for batch scheduling with priorities
was designed by Mutzet al. [20]. Carroll and Grosu [17]
designed an offline mechanism for scheduling rigid parallel
jobs. How the online setting changes standard mechanism
design is discussed in [21]. Porter [22] proposed an incentive
compatible online mechanism for the scheduling of a single
processor real time system. To the best of our knowledge
our research is the first to consider mechanism design and
incentives within the context of scheduling parallel malleable
jobs.

IX. CONCLUSION

In this work we designed MPJS, an incentive compatible
mechanism for the online scheduling of malleable parallel
jobs. Scheduling malleable jobs requires two decisions: (1)
how many processors to assign to jobs, and (2) which jobs to
schedule. These decisions may be interdependent. The mech-
anism assigns the number of processors to achieve minimum
execution time. It then schedules jobs in non-increasing order
of their reported values. When the first job is found that does
not fit on the remaining free processors, the mechanism then
searches for the highest value jobs that fit. We show that
MPJS is incentive compatible and that it satisfies individual
rationality. We then show that MPJS has a competitive ratio
of m. Finally, we study by simulation the properties of the
mechanism.

For future work, we plan to examine how this mechanism
operates in a real world setting. We also plan to re-examine
batch scheduling of rigid jobs with the goal of designing a
mechanism with a better approximation ratio.
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