
Foreword

The emergence of the Internet as a global platform for computation and communication has
sparked the development and deployment of large-scale open distributed systems. The scale of such
systems entails a large and heterogeneous set of users with often divergent motives. At the same time,
open systems give users increased power to operate in pursuit of local interests, even at the expense
of global system objectives. To retain the fast pace of innovation facilitated by open systems while
ensuring their long-term reliability and scalability, it is essential that we design efficient protocols
that are robust in the presence of self-interested agents. This need has motivated the recent interest
in the study of incentives in many areas of distributed computing such as: resource allocation in
computational grids, peer-to-peer systems, task scheduling, congestion control, routing and multi-
agent systems. Making incentives an explicit aspect of system design represents a revolutionary
change in computer science. The great challenge in this area is to design incentive compatible
protocols that are computationally tractable and consistent with other application requirements.
Research in this area is often cross-disciplinary, borrowing knowledge from economics, computer
science, computer engineering and game theory.

Although the number of research projects and publications dealing with incentives has grown in
recent years, there are still very few events dedicated exclusively to this important topic. IBC’05
represents a timely opportunity to bring together a community of researchers involved in economics,
game theory and computing.

The Program Committee members have done an excellent job in selecting the papers. All sub-
mitted papers have undergone a thoroughly review process with each paper having at least two
reviewers providing feedback to the authors. We selected five papers out of eight submissions for
the presentation at the Workshop.

We would like to thank the members of the Program Committee who gave their time and energy
to ensure the high quality of the technical program. We would also like to thank the WI/IAT 2005
organizers for their support and encouragement. Especially we would like to thank the WI/IAT
2005 Chairs, Pierre Morizet and Jiming Liu and WI/IAT Workshop Chair, Pawan Lingras. We also
are very grateful to Paul Spirakis for his invited talk on congestion games.

Finally, we would like to thank the authors of the selected papers for their contributions to the
new and exciting field of incentive-based computing.

Daniel Grosu and Jonathan Shapiro
IBC’05 Workshop Chairs
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Invited Talk

Network Congestion Games
Paul G. Spirakis

Abstract

We review here the beautiful field of congestion games and especially the case of such games
played in networks. We start from classical results such as the equivalence of unweighted congestion
games with exact potantial games (Rosenthal’s theorem). We discuss the relation of such games
with the class PLS of the complexity of local search. We then move to the weighted case , where
players have loads and they submit them into a network. We show some positive and negative
results about existence of pure Nash Equilibria in such games, demonstrating how crucial are the
latency functions of the edges. We then move to the topic of the cost of anarchy and present some
recent results.
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Abstract

Mechanism design is the study of preference aggrega-
tion protocols that work well in the face of self-interested
agents. We present the first general-purpose techniques for
automatically designingmultistagemechanisms. These can
reduce elicitation burden by only querying agents for in-
formation that is relevant given their answers to previous
queries. We first show how to turn a given (e.g., automat-
ically designed using constrained optimization techniques)
single-stage mechanism into the most efficient correspond-
ing multistage mechanism given a specified elicitation tree.
We then present greedy and dynamic programming (DP) al-
gorithms that will determine the elicitation tree (optimal in
the DP case). Next, we show how the query savings inher-
ent in the multistage model can be used to design the under-
lying single-stage mechanism to maximally take advantage
of this approach. We illustrate all of these techniques on an
optimal auction example. Finally, we present negative re-
sults on the design of multistage mechanisms that do not
correspond todominant-strategysingle-stage mechanisms:
an optimal multistage mechanism in general has to random-
ize over queries to hide information from the agents.

∗This material is based upon work supported by the National Science
Foundation under ITR grants IIS-0121678 and IIS-0427858, and a Sloan
Fellowship.

1. Introduction

In multiagent settings, often anoutcome(e.g., presidents,
joint plans, allocations of resources) must be chosen based
on the preferences of a set of agents. Since the preference
aggregator generally does not know these preferencesa pri-
ori, the agents must report their preferences to the aggrega-
tor. Unfortunately, an agent may have an incentive to misre-
port its preferences in order to mislead the aggregator into
selecting an outcome that is more desirable to the agent than
the outcome that would be selected if the agent revealed its
preferences truthfully.

Mechanism designis concered with the creation of pref-
erence aggregation rules that lead to good outcomes in
spite of such strategic behavior by agents. Classical mech-
anism design provides some general mechanisms, which,
under certain assumptions, satisfy some notion of nonma-
nipulability and maximize some objective. Such mecha-
nisms do not rely on (even probabilistic) information about
the agents’ preferences (e.g., the Vickrey-Clarke-Groves
(VCG) mechanism [24, 7, 14]), or can be easily applied
to any distribution over preferences [13, 1, 18, 17]. How-
ever, these general algorithms only work in restricted set-
tings (e.g., requiring the possibility of side payments), and
may not reflect the designer’s objectives.

Recently, automated mechanism design (AMD)has
been proposed as a means to design mechanisms au-
tomatically for the setting at hand [8, 10, 12, 4]. This
constrained-optimization based approach produces opti-
mal special-purpose mechanisms even in settings for which
no good general mechanisms are known, or for which an
impossibility result precludes the existence of good gen-
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eral mechanisms for the class of instances (but not
the existence of a good mechanism for the specific in-
stance at hand). However, all prior work on general-purpose
AMD has focused on single-stage mechanisms, in which
all agents reveal their preferences completely and si-
multaneously. This is problematic for several reasons.
First and foremost, agents may need to invest compu-
tational (or other) resources to determine their prefer-
ences over outcomes (e.g., when bidding on trucking tasks,
an agent needs to solve, for each subset of tasks, a com-
plex vehicle-routing problem). Second, the agents lose
all privacy about their preferences. Third, it can re-
quire a large amount of communication. While the third
reason applies only when the space of possible prefer-
ences is large, the first two reasons are significant even in
very small examples.

Much of this computation, communication, and privacy
loss is unnecessary when certain aspects of an agent’s pref-
erences have no influence on the final outcome. For in-
stance, if a second agent can perform a task at much lower
cost than a first, we need not determine precisely how sub-
optimal assigning the task to the first agent is. Unfortu-
nately, single-stage mechanisms cannot take advantage of
this: we cannota priori rule out the need to know the first
agent’s precise preferences for the task—this only becomes
apparent after receiving information from the second.

Our solution is to usemultistagemechanisms, where the
aggregator queries the agents about certain aspects of their
preferences, and chooses the next query to ask (and who
to ask it of) based on answers to earlier queries. In a non-
game-theoretic setting, a move to multistage protocols can
yield an exponential savings in bits communicated [15]. In
mechanism design settings, such a move can yield an ex-
ponential savings in communication and the aggregator’s
computation [11]. In combinatorial auctions, the savings in
communication can even besuper-exponential [3].

Multistage mechanisms have beenmanually de-
signed for several applications, such as voting [9], 1-object
auctions (e.g. [6]), and combinatorial auctions (see re-
views by [21, 19]). In this paper, we introduce the first
general-purpose techniques forautomateddesign of mul-
tistage mechanisms.1 We adopt a specific approach: we
first design a single-stage mechanism using existing tech-
niques, and then convert it into a multistage mechanism
in various ways. We also show how to design the under-
lying single-stage mechanism to maximally take advan-
tage of this approach, so that the approach does not come
at a loss.

1Previous work has studied the design of multistage mechanisms in a
strategic multi-party computation setting [23, 2], but the issues in that set-
ting are very different from those that we study in this paper. For exam-
ple, the key strategic issue in that work is that an agent may be tempted not
to invest the effort necessary to determine its private information.

2. The model

2.1. Automated design of single-stage mechanisms

In this subsection, we review the relevant definitions and
results from the single-stage AMD literature. In a single-
stage AMD setting, we are given: 1) a finite set of out-
comesO;2 2) a finite set ofN agents; 3) for each agent
i, (a) a finite set of typesΘi, (b) a probability distribution
γi over Θi (in the case of correlated types, there is a sin-
gle joint distributionγ overΘ1 × . . .×ΘN ), and (c) a util-
ity function ui : Θi × O → R;3 4) an objective function
g : Θ1 × . . . × ΘN × O → R whose expectation the de-
signer wishes to maximize. Possible designer objectives are
many (e.g.,social welfare, or maximizing the sum of agent
utilities for the chosen outcome).

By the revelation principle [16], we can restrict at-
tention to truthful, direct revelation mechanisms, where
agents report their types directly and never have an incen-
tive to misreport them. In general, mechanisms may choose
the outcome randomly. Thus, a mechanism consists of a dis-
tribution selection functionp : Θ1 × . . . × ΘN → ∆(O),
where ∆(O) is the set of probability distributions
over O. A mechanism is adominant strategy mecha-
nism if truthtelling is optimal regardless of what other
agents report. In other words, for any agenti, type vec-
tor (θ1, . . . , θi, . . . , θN ), and alternative report̂θi ∈ Θi,
we haveEo|θ1,..,θi,..,θn

ui(θi, o) ≥ Eo|θ1,..,θ̂i,..,θn
ui(θi, o).

If telling the truth is optimal onlygiven that the other
agents are truthful, we have aBayes-Nash equilib-
rium (BNE) mechanism. That is, in a BNE mechanism,
for any i, θi ∈ Θi, and alternative report̂θi ∈ Θi, we
have E(θ1,..,θi−1,θi+1,..,θN )|θi

Eo|θ1,..,θi,..,θn
ui(θi, o) ≥

E(θ1,..,θi−1,θi+1,..,θN )|θi
Eo|θ1,..,θ̂i,..,θn

ui(θi, o).4

Given that the mechanism is allowed to choose the out-
come at random, the problem of designing an optimal
single-stage mechanism can be solved in polynomial time
(given that the number of agents is constant) using lin-
ear programming [8]. The decision variables of that linear
program are the following: for every type vectorθ and ev-
ery outcomeo, there is a decision variablep(θ, o) that de-

2Payments to/from agents can be part of the outcome.
3The utility function is parameterized by type; while theui are com-

mon knowledge, the types encode (private) preferences [16]. The restric-
tion to a finite type space is somewhat limiting. However, continuous
spaces can be handled via suitable discretization of the type space. The
discretization can be fixed in advance with an analysis of its impact on in-
centives and efficiency (as in recent research on limited revelation auctions
[5]). Or, it may be optimized within the AMD model itself; this latter point
is the subject of current research.

4In settings where participation is voluntary, the AMD formulation
also includes participation (orindividual rationality) constraints: no agent
is worse off participating in the mechanism than not. Techniques for han-
dling them in single-stage AMD can be applied to our multistage case with-
out modification.
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termines the probability of that outcome given that type
vector. It is straightforward to check that the incen-
tive compatibility constraints above, as well as the expecta-
tion of the objective, are linear functions of these variables,
which gives us the linear program. Generating and solv-
ing this linear program is all that is required to have a basic
approach to automatically designing single-stage mech-
anisms, and it is in fact the approach that we use in this
paper to generate single-stage mechanisms.

2.2. Automated design of multistage mechanisms

In multistage AMD, the input includes—in addition to
the input for single-stage AMD—a set of queriesQ and a
set of answersA.5 Each queryq is associated with a partic-
ular agenti (of whomq would be asked),6 and the answer
that the agent would give toq (when answering truthfully) is
given by the functiona : Q×Θi → A, wherea(q, θi) is i’s
truthful answer to queryq wheni’s type isθi. This implies
that there is only one truthful response to anyq ∈ Q; thus,
each query partitions the agent’s type space. Upon receiving
answera to q from agenti, the mechanism can infer (assum-
ing truthfulness)i’s type is in{θi ∈ Θi : a(q, θi) = a}.

A multistage mechanismM correspondsto a given
single-stage mechanismS if, for each type vectorθ reported
by the agents, bothM andS choose each outcomeo with
the same probability. SupposeM corresponds to someS
where truth-telling is dominant. It is not hard to see that
M has truthtelling as anex-postequilibrium, regardless of
the the results of previous queries revealed. That is, truth-
telling is optimal (regardless of an agent’s beliefs) when-
ever all other agents answer queries truthfully.7 This implies
that we never need to randomize over query choice (though
this no longer holds ifS is not a dominant-strategy mecha-
nism; see Section 7).

For these reasons, apart from Section 7, we fo-
cus exclusively on multistage mechanisms that corre-
spond to dominant-strategy single-stage mechanisms.
Thus, we can restrict ourselves to mechanisms that se-
lect the next query deterministically based on answers to
prior queries; moreover, we need not worry about incen-
tives.

5Assuming a single answer set (rather than distinctAq for each query
q) comes w.l.o.g. One set of interest isA = {yes, no}.

6In this paper we will restrict our attention to the case where we query
one agent at a time; however, our approach is easily extended to settings
where we query multiple agents at the same time. We note, however, that
querying agents one at a time leads to the largest possible savings in the
number of queries.

7Ex post is weaker than dominant strategies, but stronger than BNE.
Note that even ifS is a dominant-strategy mechanism,M need not be: if
an agent makes her answer dependent on the history of queries asked, an-
other agent may have an incentive to lie about her type in order to influ-
ence which queries the former is asked.

Under these restrictions, amultistage mechanismis de-
fined by: 1) a tree with nodesV and edgesE; 2) for each
internal (non-leaf) nodev, an agenti and a queryq to that
agent; 3) a one-to-one correspondence between possible an-
swers to the query at nodev and children of nodev; 4) for
each nodev and outcomeo, a probability that, given that
we reachv, we stop asking queries and choose outcomeo.
(In the case wherev is a leaf, these probabilities must sum
to one.) Anelicitation treeis a multistage mechanism with-
out outcome probabilities. We denote byIv the information
set at nodev (i.e., the set of type vectors consistent with
the answers that lead tov). We generally assume an elicita-
tion tree iscomplete: Il is a single type vector for any leaf
l.8

We study several variants of multistage AMD. First, we
may either start from a given single-stage mechanism (e.g.,
computed by single-stage AMD software) and turn it into
a corresponding multistage mechanism, or we may impose
no constraints on the single-stage version of the multistage
mechanism. Second, we may either assume that the elicita-
tion tree (hence the query order) is given beforehand, or we
may impose no constraints on it.

3. A small example

In this section, we illustrate various notions for auto-
matically designing multistage mechanisms using a single,
simple example. Suppose a divorcing couple jointly owns a
painting, and an arbitrator has to decide the fate of the paint-
ing. There are 5 options: (1) the husband keeps the paint-
ing; (2) the wife keeps it; (3) the painting remains jointly
owned, but is hung in a museum; (4) it is cut into pieces
which are given to the husband; and (5) it is cut up with
pieces given to the wife. The husband and wife each have
two possible types: typeL is associated with relative in-
difference toward the painting, and typeH with deep at-
tachment. Each has typeL with probability0.8 and typeH
with probability0.2. To maximize social welfare, the arbi-
trator would like to give the painting to whomever cares for
it more; but since a party who cares little would prefer hav-
ing it over not, the arbitrator must design appropriate incen-
tives to ensure truthful reporting. The utility function for
each party is the “same.” Keeping the painting gives util-
ity 2 (typeL) or 100 (H). The other party getting the paint-
ing gives utility 0 (for either type). The museum outcome
gives utility 1.5 (L) or 40 (H). Receiving pieces gives util-
ity −9 while not even getting the pieces gives utility−10

8This does not imply that the mechanism will ask all queries and
uniquely determine a type vector: the concrete outcome probabilities,
specifically, the possibility of terminating at an interior node will typically
preclude this.
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(for either type).9

Our goal is to find a dominant-strategy (possibly ran-
domized) mechanism (without payments) that maximizes
expected social welfare. First we find the optimal single-
stage mechanism. Solving this example using the method-
ology described in Subsection 2.1 yields the following ran-
domized mechanism (the probabilities are rounded):

wife L wife H

husbandL Museum 0.96 Wife keeps;
0.04 Husband gets pieces

husbandH 0.96 Husband keeps; 0.47 Husband keeps;
0.04 Wife gets pieces 0.40 Wife keeps;

0.13 Wife gets pieces

In spite of the symmetry between the husband and the wife,
the mechanism is asymmetric. Of course, other optimal so-
lutions exist (e.g., where the roles of husband and wife are
interchanged).

Now we consider how to turn this single-stage mecha-
nism into a corresponding multistage mechanism (i.e., with
the same outcome probabilities). First, suppose the elicita-
tion tree is given, with the wife’s type elicited first. Fig. 1
shows the optimal multistage mechanism. (Why this is so
will become apparent.) This mechanism saves one query
with probability0.2 · 0.4 = 0.08.

Museum w.p. 1

Husband keeps w.p. .96

Wife gets pieces w.p. .04

Wife keeps w.p. .93
Husband gets pieces w.p. .07

Husband keeps w.p. .78
Wife gets pieces w.p. .22

HUSBAND HIGH

WIFE HIGH

WIFE LOW

HUSBAND LOW

HUSBAND LOW

HUSBAND HIGH

Wife keeps w.p. .40

Figure 1. The optimal elicitation tree given
the single-stage mechanism and given that
the wife is queried first. When an internal
node has a probability-outcome pair associ-
ated with it, we terminate early at that node
with that probability, with that outcome; with
the remaining probability, we move on to the
next query.

If the elicitation tree (query order) is not fixed, the op-
timal mechanism is that given in Fig. 2. It turns out that

9This problem has some similarity to King Solomon’s dilemma; how-
ever, when that dilemma is discussed in the economics literature [20], it
is assumed that there is only one rightful mother, and both women know
who it is—unlike our problem, where the agents do not know each oth-
ers’ types.

greater savings can be obtained by eliciting the husband’s
type first: this mechanism saves a query with probability
0.2 · (0.04 + 0.47) = 0.10. (This is due to the asymme-
try of the single-stage mechanism from which we are start-
ing.)

Museum w.p. 1

HUSBAND HIGH

WIFE HIGH

WIFE LOW

WIFE LOW

WIFE HIGH

Wife keeps w.p. .96

Husband gets pieces w.p. .04

HUSBAND LOW

Husband keeps w.p. .47
Wife gets pieces w.p. .04

Wife keeps w.p. .82
Wife gets pieces w.p. .18

Husband keeps w.p. .1

Figure 2. The optimal mechanism when ask-
ing the husband first.

Suppose queries to the husband are slightly more expen-
sive than those to the wife, so that we would rather save on
husband queries (unlike the previous mechanism). If we al-
low a different optimal single-stage mechanism, namely the
analog of the one above with the husband and wife roles
switched (which remains optimal due to the problem sym-
metry), then the optimal multistage mechanism that corre-
sponds to this saves a query to the husband (rather than the
wife) with probability0.10, giving greater cost savings.

Finally, if we are willing to sacrifice optimality of the
single-stage mechanism to obtain greater query savings, this
may again change the mechanism. For example, if we make
the cost of querying sufficiently large, it will be optimal to
not ask any queries, and always choose the same outcome.

One interesting additional motivation for automatically
designing multistage mechanisms is that the tree-based rep-
resentation of a multistage mechanism may beeasier to un-
derstandfor a human than the tabular form of a single-stage
mechanism—especially if the tree is relatively small.

4. Converting a single-stage mechanism into a
multistage mechanism

In this section we develop methods for converting a
given (e.g., automatically designed) single-stage mecha-
nism into an equivalent multistage mechanism which saves
on elicitation costs. In Subsection 4.1 we develop methods
for the case where the elicitation tree (query order) is given.
In Subsection 4.2 we generalize the approach to the case
where the elicitation tree is not given, but can be chosen en-
dogenously.
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4.1. Given elicitation tree

We first solve the simplest of our problems: converting
a single-stage mechanism into the most efficient multistage
mechanism for a given elicitation tree. This problem can be
motivated by considering exogenous constraints on query
order (e.g., agents available at different times, or when the
optimal ordering is readily available). More importantly,
this setting serves as a stepping stone to more general tech-
niques below. Our key technique is to “propagate up” prob-
ability from the leaves to internal nodes where this is possi-
ble.

Lemma 1 Let multistage mechanismM correspond to
single-stage mechanismS. Suppose that for some inter-
nal nodev in the elicitation tree (with exit prob.ev) and out-
comeo, all the leaves of the subtreeTv rooted atv assign
a probability of at leastp > 0 to outcomeo. Then the fol-
lowing modificationM ′ of M corresponds toS: (1) At
nodev, exit with o with probability (1 − ev)p; (2) Sub-
tract p from the probability assigned too at each leaf of
Tv; (3) Divide all the outcome probabilities at leavesTv by
1− p.

Proof: Consider the probabilityp(θ, o′) that outcomeo′

will be selected given type vectorθ in M ′. If θ does not
lead tov, clearly p(θ, o′) is the same inM and M ′; so
assume that it does. Ifo′ = o (the outcome that we exit
early with), then the probability of selectingo′ at v is now
the early-exit probabilityp, plus the probability that we
do not exit early but choose outcomeo′ later, which is
(1 − p)(p(θ, o′)old − p)/(1 − p) = p(θ, o′)old − p. Hence
the total probability isp(θ, o′)old; i.e., it did not change. If
o′ 6= o, then the probability of selectingo′ at v is the prob-
ability that we do not exit early witho and choose outcome
o′ later, which is(1− p)(p(θ, o′)old)/(1− p) = p(θ, o′)old.
Hence for anyθ, M andM ′ selecto′ with the same proba-
bility.

We note that the ability to propagate probability up in
this manner even when the distributions at the leaves are
not identical makes this different from the standard frame-
work in communication complexity theory. (In addition, we
may have a restricted query language, and we have a prior
distribution over the inputs.)

If we propagate up as much probability as possible, we
obtain the optimal mechanism (for a givenS and tree):

Theorem 1 Suppose we apply Lemma 1 until we can ap-
ply it no further (that is, until for any internal nodev and
outcomeo, there is at least one leaf of the subtree rooted at
v that assigns probability0 to o). Then the resulting multi-
stage mechanism saves the most queries (or, in the case of
different query costs, the greatest query cost) among multi-

stage mechanisms corresponding to the given single-stage
mechanism and the given elicitation tree.

Proof: Any mechanism with the same elicitation tree that
saves more queries (or greater query cost) must, for some
nodev, have a greater probability of exiting early at or be-
forev than the mechanism generated by applying Lemma 1.
It follows that for at least one outcomeo, the former mech-
anism has a probability of exiting early at or beforev with
this o that is greater than

∑
o∈O

minθ∈Iv
p(θ, o). But then,

there is someθ ∈ Iv such thatp(θ, o) is smaller than the
probability of exiting early at or beforev with outcomeo.
So the mechanism does not correspond to the given single-
stage mechanism.

As an example, we derive the mechanism of Fig. 2. We
start from a mechanism that saves no queries (Fig. 3).

Museum w.p. 1

HUSBAND HIGH

WIFE HIGH

WIFE LOW

WIFE LOW

WIFE HIGH

Wife keeps w.p. .96

Husband gets pieces w.p. .04

HUSBAND LOW

Husband keeps w.p. .96
Wife gets pieces w.p. .04

Husband keeps w.p. .47
Wife keeps w.p. .40
Wife gets pieces w.p. .13

Figure 3. Multistage mechanism that saves
no queries at all.

At the node after the husband reports “high”, the husband
keeps the painting withp ≥ .47 in all subsequent leaves. So
we can propagate this probability up (Fig. 4). At the same

Museum w.p. 1

HUSBAND HIGH

WIFE HIGH

WIFE LOW

WIFE LOW

WIFE HIGH

Wife keeps w.p. .96

Husband gets pieces w.p. .04

HUSBAND LOW

Husband keeps w.p. .47

Wife keeps w.p. .75
Wife gets pieces w.p. .25

Wife gets pieces w.p. .08
Husband keeps w.p. .92

Figure 4. Some probability propagated up.

node, the wife gets the pieces of the painting withp ≥ .08

6



in all subsequent leaves. Propagating this up results in the
mechanism of Fig. 2.

The following corollary characterizes the probability of
exiting early at or before a given node. This will be helpful
in our use of the “propagating probabilities up” technique
within all of the algorithms discussed later in the paper.

Corollary 1 In a multistage mechanism that saves a max-
imum number of queries, for any type vectorθ such that
nodev will be reached if the mechanism does not exit early,
the probability that we will reachv and not exit early atv is
1− ∑

o∈O

minθ∈Iv
p(θ, o). Hence, given that we have not ex-

ited early at or before nodev, and we transition from node
v to nodew, the probability of exiting early at nodew is
1− (1− ∑

o∈O

minθ∈Iw
p(θ, o))/(1− ∑

o∈O

minθ∈Iv
p(θ, o)).

4.2. Endogenously determined elicitation tree

In this section we develop methods for converting a
single-stage mechanism into a multistage one,without con-
straints on the elicitation tree (query order). We first pro-
vide a greedy algorithm, and show two ways in which it can
“fail” (i.e., yield an arbitrarily small fraction of the query
savings available). We then give an optimal dynamic pro-
gram.

4.2.1. Greedy algorithm Our greedy algorithm chooses
the query at each stage so as to maximize the probability
of being able to exit immediately after this query given the
preceding queries and responses. LettingU(I, q, aq) denote
the information state that results from being in information
stateI and then receiving answera to queryq, we define
the algorithm as follows.

Definition 1 Thegreedy algorithmchooses the query to ask
at nodev from the set
arg maxq∈Q

∑
a∈A

P (a|Iv, q)
∑

o∈O

minθ∈U(Iv,q,a) p(θ, o).

The greedy algorithm does what we intend:

Theorem 2 The greedy algorithm chooses a query that
maximizes the probability of exiting immediately after it.

Proof: By Corollary 1, we know that if we are currently
at nodev and do not exit early, and we transition to node
w, then the probability of exiting early at nodew is 1 −
1− ∑

o∈O

minθ∈Iw p(θ,o)

1− ∑
o∈O

minθ∈Iv p(θ,o) . Thus, if we ask queryq ∈ Q at

nodev, the probability of exiting immediately afterq is
∑

a∈A

P (a|Iv, q)(1−
1− ∑

o∈O

minθ∈U(Iv,q,a) p(θ,o)

1− ∑
o∈O

minθ∈Iv p(θ,o) ) =

1− 1
1− ∑

o∈O

minθ∈Iv p(θ,o) (1−
∑

a∈A

P (a|Iv, q)
∑

o∈O

minθ∈U(Iv,q,a) p(θ, o)). Choosingq ∈

Q to maximize this expression is equivalent to choosing
q ∈ Q to maximize∑
a∈A

P (a|Iv, q)
∑

o∈O

minθ∈U(Sv,q,a) p(θ, o), which is exactly

what the greedy algorithm does.

Theorem 3 The greedy algorithm chooses the query for
nodev in timeO(|Q| · |A| · |O| · |Θ|).

Unfortunately, the greedy algorithm can be arbitrarily far
from optimal (even when all queries have equal cost):

Proposition 1 There exist single-stage mechanismsS for
which the greedy algorithm achieves only an arbitrarily
small fraction of the possible query savings (even whenS
is deterministic, there are only three players, two types per
player, and three outcomes; alternatively, even when pri-
ors over types are uniform, there are only three players, two
types per player, and five outcomes).

4.2.2. Dynamic programming algorithm Unlike the
greedy algorithm, the dynamic program must build the en-
tire tree. The program works by computing, forevery
possible information stateI, the minimum possible ex-
pected number of queriesn(I) from that point on,giventhat
we have not exited early. As before, letU(I, q, a) be the in-
formation state that results from receiving answera to
q at I. Let e(I, q, a) be the probability of exiting im-
mediately after receiving answera to q at I, given that
we did not exit early atI. By Corollary 1, we can com-

putee(I, q, a) as1 −
1− ∑

o∈O

minθ∈U(I,q,a) p(θ,o)

1− ∑
o∈O

minθ∈I p(θ,o) . We obtain

the recurrence

n(I) = minq∈Qc(q)+
∑

a∈A

P (a|I, q)(1−e(I, q, a))n(U(I, q, a))

Using the fact thatn({θ}) = 0 for every type vectorθ,
we use this recurrence to compute the value ofn(I) for ev-
ery I, starting with the smallI and working up to larger
ones.

Theorem 4 The dynamic programming algorithm
computes the value ofn(I) for all I in time
O(|Q| · |A| · |O| · |Θ| · 2|Θ|).

We can retrieve the optimal multistage mechanism from
this as follows: when we arrive at information stateI and
do not exit early, choose a query from
arg minq∈Q

∑
a∈A

P (a|I, q)(1− e(I, q, a))n(U(I, q, a)).

5. Designing optimal multistage mechanisms

So far we have discussed how a given single-stage mech-
anism can be converted into an equivalent multistage mech-
anism. Here we will no longer take the single-stage de-
sign as a constraint. We develop a method for designing the
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single-stage mechanism in such a way that we get large sav-
ings in queries when we transform it into a multistage mech-
anism using the techniques described earlier. We focus on
the case where the elicitation tree (query order) is given. It
turns out that, using Corollary 1, we can directly integrate
the eventual query savings into the linear programming for-
mulation for AMD described in Subsection 2.1.

We say that nodev is on the elicitation pathfor type vec-
tor θ if θ would lead us to ask the query atv (given that
we do not exit early). For every internal nodev in the tree,
we add a term to the AMD objective (which maximizes the
designer’s objective) that indicates the probability of sav-
ing the query corresponding to this node.10 (We say that we
savethe query corresponding tov whenv is on the elic-
itation path, but we exit early at or beforev.) Thus, the
term in the objective forv is c(v)P (v)e(v) wherec(v) is
the cost of the query at nodev, P (v) is the probability of
v being on the elicitation path, ande(v) is the probabil-
ity that we will exit early at or beforev, given thatv is on
the elicitation path.P (v) is a constant, bute(v) is a vari-
able that depends on how we set the outcome probabilities
for the leaves. Specifically, by Corollary 1, we know that
e(v) =

∑
o∈O

minθ∈Sv
p(θ, o). Themin operator is not lin-

ear, so we cannot add this expression to the LP objective di-
rectly. We work around this by lettinge(v) =

∑
o∈O

e(v, o),

wheree(v, o) is the probability of exiting early at or before
v with outcomeo, given thatv is on the elicitation path.
Then, for everyo ∈ O andθ ∈ Sv, we add the constraint
e(v, o) ≤ p(θ, o).

Because linear programs can be solved to optimality in
polynomial time, and the formulation above is polynomial
in the number of outcomes and the number of types per
agent (but not in the number of agents), the following theo-
rem follows immediately:

Theorem 5 The extension of the single-stage AMD for-
mulation described above computes the optimal multistage
mechanism for the given elicitation tree, taking query costs
into account, in time polynomial in the number of outcomes
and the number of types per agent (but not in the number of
agents).

This also begets an (inefficient) algorithm for generating
the optimal multistage mechanism when neither the single-
stage mechanism nor the elicitation tree is given: apply the
above algorithm to every possible elicitation tree.

10Suitable scaling to ensure commensurability with the designer’s ob-
jective is straightfoward; however, this does assume query costs can be ac-
counted for additively.

6. Example application: optimal auctions

In this section, we demonstrate how our techniques can
be applied to a simple auction example. In this auction, a
single item is for sale. There are two bidders,A andB; the
prior over each bidder’s valuation for the item is uniform
over{0, 1, 2, 3}. Our objective is to maximize expected rev-
enue.

We first used the standard (single-stage) automated
mechanism design software to generate an optimal
single-stage dominant strategies mechanism for this set-
ting. This produced the following mechanism (which is
effectively the Myerson auction [18]):

B bids 0 B bids 1 B bids 2 B bids 3

A bids 0 item not sold item not sold B wins, pays2 B wins, pays2
A bids 1 item not sold item not sold B wins, pays2 B wins, pays2
A bids 2 A wins, pays2 A wins, pays2 A wins, pays2 B wins, pays3
A bids 3 A wins, pays2 A wins, pays2 A wins, pays2 A wins, pays3

We then focused our attention on turning this single-
stage mechanism into a multistage mechanism. We allowed
only queries of the form “Is your valuation for the item at
leastk?” We observe that no matter which query is asked
first, there is no chance of exiting after the first query.
Hence, the greedy algorithm from Subsection 4.2 is under-
determined (and presumably will not perform very well).
Instead, we used the dynamic programming algorithm from
Subsection 4.2 to obtain the optimal elicitation tree for
this single-stage mechanism. This produced the multistage
mechanism in Figure 5.

item not sold

B wins, pays 2

A wins, pays 2

B wins, pays 3

A wins, pays 3

A BIDS < 2

A BIDS >= 2

B BIDS < 2

B BIDS >= 2

B BIDS < 3

B BIDS 3

A BIDS 2

A BIDS 3

Figure 5. Single-stage auction converted to
multistage.

We next studied whether any query gains could be made
by changing the underlying single-stage mechanism while
keeping the elicitation tree fixed, as described in Section 5.
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We first placed a cost of0.001 on each query. This produced
the multistage mechanism in Figure 6.

item not sold

B wins, pays 2

A wins, pays 2

A BIDS < 2

A BIDS >= 2

B BIDS < 2

B BIDS >= 2

B BIDS < 3

B BIDS 3
B wins, pays 3

Figure 6. Underlying single-stage auction
changed to save queries.

The only difference between this mechanism and the pre-
vious is how the tie is broken when both bidders bid3.
Therefore, this mechanism attains the same expected rev-
enue as the previous mechanism. That is, the additional
query savings obtained by this multistage mechanism come
at no cost to the original objective.

Finally, we placed a cost of0.5 on each query. This pro-
duced the multistage mechanism in Figure 7.

item not sold

B wins, pays 2

A BIDS < 2

A BIDS >= 2

B BIDS < 2

B BIDS >= 2

A wins, pays 2

Figure 7. Underlying single-stage auction
changed to save even more queries.

Effectively, this mechanism gives bidderA a take-it-or-
leave-it offer of2 for the item; if bidderA does not take
this offer, the mechanism makes the same offer to bidderB.
(Mechanisms that consist of sequences of take-it-or-leave-it
offers have been studied systematically [22].) This mecha-
nism in fact has lower expected revenue, but this loss in ex-
pected revenue is outweighed by the query savings that are
obtained.

7. Mechanisms without dominant strategies

So far, we have restricted our study to multistage mecha-
nisms whose single-stage correspondents have truth-telling
as a dominant strategy. As discussed, this is helpful because
in such multistage mechanisms, telling the truth is an ex-
post equilibrium, so we need not worry that information re-
vealed to agents by the mechanism will introduce strategic
behavior. Nevertheless, we may also be interested in con-
verting single-stage mechanisms that do not have dominant
strategies, such as BNE mechanisms, to multistage mecha-
nisms (e.g., because such mechanisms can achieve a higher
objective value than dominant-strategy mechanisms).

Here we present initial results on converting BNE mech-
anisms into multistage mechanisms. These results are nega-
tive: they show that restricting ourselves to particular natu-
ral classes of multistage mechanisms may come at a loss of
optimality. Thus, to design optimal multistage mechanisms,
we need to search a broader space of mechanisms.

Proposition 2 Even when the primary objective is social
welfare and we use BNE as our solution concept, there ex-
ist settings in which immediately revealing the result of ev-
ery query incurs a loss in objective value.

The next result that we establish is that restricting our-
selves to mechanisms that always chooses the next query
deterministically can come at a loss.

Proposition 3 There exist settings in which: 1) The pri-
mary objective is social welfare; 2) The optimal single-
stage BNE incentive compatible mechanism is unique; 3)
The unique optimal (in terms of query savings) elicitation
tree to ask the queries for this mechanism is not (even BNE)
incentive compatible; 4) There exists an elicitation tree for
this mechanism that randomizes over the next query se-
lected, is (BNE) incentive compatible, and has almost the
same query savings as the optimal elicitation tree (and thus
strictly greater query savings than any deterministic (BNE)
incentive-compatible elicitation tree for this mechanism).

Proof: Let there be two agents,1 and2; let agent1 have type
setΘ1 = {θ1

1, θ
2
1, θ

3
1} and let agent2 have type setΘ2 =

{θ1
2, θ

2
2}. Let the outcome set beO = {o1, o2, o3, o4}. Let

the utility functions be as follows:
u1(θ1

1, o1) = 0, u1(θ2
1, o1) = 0, u1(θ3

1, o1) = 0,
u2(θ1

2, o1) = 0, u2(θ2
2, o1) = 0;

u1(θ1
1, o2) = 3, u1(θ2

1, o2) = 1 + ε, u1(θ3
1, o2) = −1,

u2(θ1
2, o2) = 1, u2(θ2

2, o2) = −4;
u1(θ1

1, o3) = −4, u1(θ2
1, o3) = 1, u1(θ3

1, o3) = 3,
u2(θ1

2, o3) = 2, u2(θ2
2, o3) = 3;

u1(θ1
1, o4) = −5, u1(θ2

1, o4) = −5, u1(θ3
1, o4) = 4,

u2(θ1
2, o4) = −5, u2(θ2

2, o4) = 4.
The unique social-welfare maximizing outcome in each

case is:o(θ1
1, θ

1
2) = o2, o(θ1

1, θ
2
2) = o1, o(θ2

1, θ
1
2) = o3,

o(θ2
1, θ

2
2) = o3, o(θ3

1, θ
1
2) = o3, o(θ3

1, θ
2
2) = o4.
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Let the probability distributions over types be as fol-
lows: γ1(θ1

1) = 0.4, γ1(θ2
1) = 0.1, and γ1(θ3

1) = 0.5.
γ2(θ1

2) = γ2(θ2
2) = 0.5. Choosing the social welfare maxi-

mizing outcome in every case is BNE incentive compatible,
so this is the unique optimal single-stage BNE mechanism.
(We omit the proof of this fact due to space constraint.)

Let the cost of a query be a secondary objective to the
social welfare objective (or let the cost of a query be very
small), so that we still want to implement a mechanism that
always chooses the social welfare maximizing outcome. Let
there be three queries: the single query to agent2, and two
queries to agent1: Is your typeθ1

1? andIs your typeθ3
1? No

single query is enough to determine the outcome for the op-
timal single-stage mechanism above. Disregarding strategic
considerations, the unique optimal multistage mechanism
corresponding to the optimal single-stage mechanism is:
Ask agent2 for its type first;

If it is θ1
2 , ask agent1 Is your typeθ1

1?
If so, chooseo2, otherwise chooseo3;

If it is θ2
2 , ask agent1 Is your typeθ3

1?
If so, chooseo4, otherwise ask agent1 Is your typeθ1

1?
If so, chooseo1, otherwise chooseo3.

This multistage mechanism needs all3 queries only
0.5 · 0.5 = 0.25 of the time. Unfortunately, under this mul-
tistage mechanism, agent1 has a (slight) incentive to lie
when its true type isθ2

1, and the first query to it isIs your
typeθ1

1? In this case, agent1 knows that agent2 reportedθ1
2,

so falsely answeringyeswould give it1 + ε rather than1.
Any other multistage mechanism that corresponds to the op-
timal single-stage mechanism and does not randomize over
queries will cost us significantly in queries. But, instead, we
can also slightly modify the given multistage mechanism
and with very small probability ask agent1 Is your typeθ1

1?
after agent2 answersθ2

2. Now, when agent1 is confronted
with Is your typeθ1

1? as the first query while its true type
is θ2

1, there is a slight chance that agent2 answeredθ2
2, in

which case agent1 does not want to answeryesand geto1

rather thano3. Because the benefit of lying in the other case
is so small, it is outweighed, and agent1 will answer truth-
fully. All other queries are still answered truthfully—thus
this mechanism is (BNE) truthful.

A potential alternative to randomization by the mecha-
nism is to obtain the randomization from mixed (i.e., ran-
domized) strategies of the agents in mechanisms that are
not truthful direct-revelation mechanisms.

8. Conclusions and future research

We extended the constrained-optimization based tech-
niques for automated mechanism design to the design of
multistage mechanisms, allowing reduction in elicitation
burden by querying agents sequentially, and only querying
them for information that is relevant given previous query

responses. We focused primarily on the design of multistage
mechanisms that correspond to dominant-strategy single-
stage mechanisms, since these ensure truth-telling is anex-
post equilibrium (no matter what is revealed about other
agents’ answers). We described several techniques for con-
verting single-stage mechanisms into multistage, both with
and without fixed elicitation trees, and also showed how to
augment single-stage AMD to produce single-stage mecha-
nisms that can be maximally exploited in the conversion to
multistage. We illustrated all of these techniques on an opti-
mal auction example. Finally, we presented negative results
on the design of multistage mechanisms that do not corre-
spond to dominant-strategy single-stage mechanisms.

Future research includes developing techniques for de-
signing multistage mechanisms that do not correspond to
dominant-strategy single-stage mechanisms. We also hope
to develop more efficient algorithms for optimal design
when neither the single-stage mechanism nor the elicita-
tion tree is given. Another direction is to extend techniques
from machine learning to the query selection problem in
our setting. Finally, we also plan to discover more effi-
cient problem-specific techniques for the automated design
of multistage mechanisms.
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Abstract

In the context of pre-Bayesian games we analyze re-
source selection systems with unknown number of play-
ers. We prove the existence and uniqueness of a symmet-
ric safety-level equilibrium in such games and show that in
a linear model every player benefits from the common ig-
norance about the number of players. In order to analyze
such games we generalize the theory of equilibrium in gen-
eral pre-Bayesian games.

1. Introduction

There has been much interest in the recent years in work
bridging computer science and game theory. Most of this
work is concerned with the analysis of multi-agent systems,
where the agents are selfish, and each agent attempts to
maximize his own utility or minimize his own cost. Hence,
it is natural that work in multi-agent systems adopted the
notion of equilibrium as the type of solution concept to be
discussed. On the other hand, when dealing with settings
of incomplete information, work in computer science typi-
cally adopts non-Bayesian models, where qualitative deci-
sion making rules (without probabilistic assumptions about
the environment) are used. However, in a multi-agent setup
with incomplete information the non-Bayesian approach
might severely restrict the type of analysis that may be car-
ried out. Indeed, most previous work on games with in-
complete information in computer science adopted domi-
nant strategy equilibrium or ex-post equilibrium as the ma-
jor solution concepts. This paper is part of a line of research
that introduces non-Bayesian equilibrium concepts as ap-
propriate solutions for dealing with incomplete information
in multi-agent systems. One interesting property is that (as
we show) the related (non-Bayesian) equilibrium always ex-

ist.1 The main challenge remained is to consider concrete
powerful settings, where the related (non-Bayesian) equi-
librium concepts can be discussed, and lead to illuminating
results. In this paper we deal with such setting, resource se-
lection games, which is central to the computer science lit-
erature. We present an analysis of resource selection games
with incomplete information, using the non-Bayesian ap-
proach, yielding several highly powerful and surprising re-
sults.

In a resource selection system, Γ, there is a set of m re-
sources, j ∈ {1, · · · ,m}. Each resource j is associated with
a cost function wj : {1, 2, · · · , · · · } → <, where wj(k) is
the cost for every user of resource j if there are k users.
Together with a set of n players a resource selection sys-
tem defines a game in strategic form– a resource selec-
tion game, Γ(n). The action set2 of every player i in Γ(n)
is the set of resources M , and the cost of i depends, via
the resource-cost functions on the resource she chooses and
on the number of other players who choose this resource.
Thus, resource selection games are special type of conges-
tion games [22, 17]. A resource selection game is also re-
ferred to as a simple congestion game.3. In many situations
the assumption that every player knows the number of play-
ers is not reasonable. The goal of the current paper is to an-
alyze resource selection games with unknown number of
players. One approach for analyzing such situations is the
Bayesian approach, where it is assumed that the distribution
of the random set of players is commonly known. In this ap-
proach one is interested in Bayesian equilibrim. 4 The goal

1 In a finite setup.
2 When dealing with games in strategic form the choice set of a player

is referred to as an action set or as a strategy set. We use ”actions”
rather than ”strategies” because we keep the notion of strategy to de-
scribe the choice set of a player in ”bigger” games.

3 Simple congestion games and their generalization to player-specific
games were discussed in [21, 15, 8, 26, 10]. Simple congestion games
were also discussed in the price of anarchy literature, e.g., [11, 2]

4 See [14, 13, 6] for such analysis in the context of auctions, and [18,
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of this paper is to analyze resource selection games in the
non-Bayesian setup in which the players do not have proba-
bilistic information about the other players in the game. We
will use the model of pre-Bayesian games.

We remark that games can be analyzed with either pay-
off functions or cost functions. Most of the general theory
has been developed with payoff functions. However, con-
gestion games have been mainly analyzed using cost func-
tions. Translating results proved in one of the setups to the
other setup is obvious in most cases.5 We follow the tradi-
tion of previous literature in the sense that the general the-
ory is discussed with payoff functions, while resource se-
lection games are discussed with cost functions.

In a classical pre-Bayesian game there is a fixed set of
players N = {1, 2, · · · , n}, each of them is endowed with
a set of actions, xi ∈ Xi. There is a set of states ω ∈ Ω.
The payoff of player i, ui(ω, x1, x2, · · · , xn) depends on
the realized state, on her choice of action, xi, and on the
choices of all other players. However, the realized state is
not known to the players. Every player receives a state-
correlated signal, ti = t̃i(ω) on which she conditions her
action. A pre-Bayesian game becomes a Bayesian game
when a commonly known probability measure on the set
of states is added to the system. In pre-Bayesian games one
can deal with ex-post equilibrium. It is well-known that an
ex-post equilibrium in a pre-Bayesian game is a Bayesian
equilibrium for every choice of prior probability and vice
versa. Indeed, the classical literature in economics/game
theory actually discussed ex-post equilibrium in a particu-
lar Bayesian game, and defined it as a Bayesian equilibrium
which is robust to changes in the prior probability. Only re-
cently the concept of pre-Bayesian games have been explic-
itly defined.6 Unfortunately, ex-post equilibrium does not
exist even in very simple pre-Bayesian games. A strategy of
player i in a pre-Bayesian or Bayesian game is a function
bi that assigns an action (or a mixed action), xi = bi(ti)
to every possible signal ti. In all concepts of equilibrium
it is assumed that a player knows the other players’ strate-
gies. Hence, when a player receives a signal, ti, she is fac-
ing a classical decision problem with uncertainty about the
true state. She knows, however, that the true state should be
compatible with her signal. That is, the true state is one of
the states in Ω(ti) ⊆ Ω that yields the signal, and she is op-
timizing her choice in this decision problem. In a Bayesian
equilibrium, optimizing means maximizing expected util-
ity over Ω(ti) with respect to the given prior probability. In
an ex-post equilibrium, optimizing means maximizing util-

19, 20] for such analysis in the context of elections.
5 An exception is the price of anarchy theory.
6 Pre-Bayesian games have been also called games in informational

form and games without probabilistic information [9, 7], games
with incomplete information with strict type uncertainty [4], and
distribution-free games with incomplete information [1].

ity for every compatible state.
Another equilibrium concept for pre-Bayesian games

was recently defined in [4] - a minimax-regret equilibrium.
In such an equilibrium optimizing means choosing an ac-
tion that minimizes the maximal regret over compatible
states. It was proved in [4] that a minimax-regret equilib-
rium always exist in a finite setup7 when players are using
mixed strategies.8 An equilibrium concept for forms of pre-
Bayesian games has been already defined in [25, 24, 23]
in the context of work on artificial social systems, and
[12] defined another equilibrium concept for particular pre-
Bayesian auctions. Both groups of authors used distinct
generalizations of maximin equilibrium, which was recently
defined for classical pre-Bayesian games in [1]. In a max-
imin equilibrium optimizing means maximizing utility in
the worst case scenario. The min in a maximin equilibrium
ranges over all states that are compatible with the signal
ti, and the max ranges over all actions, Xi. Therefore, in a
cost model the maximin equilibrium is actually a minimax
equilibrium. We therefore prefer to use the term safety level
equilibrium for both payoff and cost models. In [1] the au-
thors mainly deal with the non-private type case, in which
all players have the same signaling function. However, they
prove existence results for the classical pre-Bayesian games
described above.

The existence of multiple equilibria has always been a
problematic issue in game theory. For pre-Bayesian games
we also face the problem of multiple types of equilibrium.
The question of which type of equilibrium in pre-Bayesian
games makes a better prediction is yet to be explored. It is
observed however, by [4] and [1] that every ex-post equilib-
rium is both a minimax-regret equilibrium and a safety level
equilibrium.

In order to analyze resource selection games with un-
known number of players we mainly use the safety level
equilibrium solution. However, the model of pre-Bayesian
games described above is not applicable for that matter,
since the set of players in this model is fixed. We therefore
generalize the model of pre-Bayesian games. In our gener-
alized model, the set of players and the action sets of the
players are state dependent.

We prove existence results for maximin and minimax-
regret equilibrium in the generalized model.9. All proofs
of existence (in [4], [1] and ours) make use of (variations
of) Kakutani fixed point theorem. For the sake of complete-
ness we also present and prove an existence theorem for a
third, and new equilibrium concept for pre-Bayesian games

7 Namely, the number of players and the number of states are finite.
8 Actually, the proof in [4] is given for a less general model of pre-

Bayesian games than the one described above, but in this paper we ex-
tend their proof to the more general case.

9 We also allow compact convex sets of actions.
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- the competitive ratio equilibrium. The competitive ratio
approach is relatively common in computer science.10

Once we have the right tools we proceed to analyze re-
source selection games with unknown number of players.
We focus on a model with increasing resource cost func-
tions. In order to derive results for the case in which the
number of players is unknown we prove several results,
some of them are interesting for themselves, about classical
resource selection games with known number of players. In
particular we prove that every resource selection game pos-
sesses a unique mixed-action symmetric equilibrium. When
the number of players is k, the unique symmetric equilib-
rium mixed-action of every player is denoted by pk. That is,
pk = (pk

1 , pk
2 , · · · , pk

m), where pk
j is the probability that a

player chooses resource j.
In our pre-Bayesian model all active players know a

common bound, n, on the number of active players, but
the players do not know the true number of players, say k,
k ≤ n. Hence, the only signal a player receives is an ”ac-
tivity” signal. A state in this pre-Bayesian game is the set of
active players. We prove that a resource selection game with
unknown number of players has a unique symmetric safety
level equilibrium. In this equilibrium, every active player is
using the unique symmetric-equilibrium mixed-action, pn

in the game in which the number of players is commonly
known and equals n.

Hence, when the number of players is k, every player
uses pk when the number of players is commonly known,
and every player is using pn when the number of players is
unknown. Surprisingly, the lack of knowledge makes each
of the players better off in the linear system, in which the re-
source cost functions are linear! That is, we show that in the
linear model, when there are k players, and each of them is
using pn, the cost of each player is at most the cost he ob-
tains in the unique symmetric equilibrium, pk. Under very
modest assumptions every player is strictly better off.

The above results are applicable to a mechanism design
setup in which the organizer knows the number of active
players, and the players do not know this number. If the
goal of the organizer is to maximize revenue then he is bet-
ter off revealing his private information.11 If his goal is to
maximize social surplus then he should not reveal the in-
formation. In order to estimate the gain of the players re-
sulting from their ignorance we investigate in the last sec-
tion the function ck(pn) for n ≥ k, where ck(pn) is the cost
for a player in a k-player setup when all players play the
mixed-action associated with the symmetric equilibrium of
the corresponding n-player setup.

In the full paper we also analyze the minmax-regret equi-
librium of the related setting. We show that the phenomenon

10 See e.g., [3].
11 This is indirectly related to the Linkage Principle, in auction theory

[16].

described above does not hold for this solution concept. The
precise relationships between the linear cost functions of the
different resources determine whether knowing the number
of participants is helpful or harmful for the players. Many of
the proofs are omitted in this conference version of the pa-
per.

2. Background

A game in strategic form is a tuple, Γ =
(N, (Xi)i∈N , (ui)i∈N ). N is a nonempty set of play-
ers, Xi is a nonempty set of actions for player i,
and ui : X → < is the payoff function of i, where
X = ×i∈NXi is the set of action profiles. Hence ui(x)
is the payoff of player i when the profile of actions
x ∈ X is played. Γ is a finite game if N and X are fi-
nite sets.

Let x ∈ X denote a profile of actions. For each i ∈ N we
let x−i = (xj)j∈N/{i} denote the actions played by every-
one but i. Thus x = (xi, x−i). An action profile x ∈ X is
in equilibrium if ui(xi, x−i) ≥ ui(yi, x−i) for every player
i ∈ N and for every yi ∈ Xi.

A permutation of the set of players is a one-to-one func-
tion from N onto N . For every permutation π and for every
action profile x ∈ X we denote by πx the permutation of x
by π. That is, (πx)i = xπ(i) for every player i. Γ is a sym-
metric game if for every player i, for every action profile x,
and for every permutation π

ui(πx) = uπ(i)(x).

A symmetric action profile is an action profile x such that
xi = xs for every i, s ∈ N . x is a symmetric equilibrium
if it is both an equilibrium profile and a symmetric action
profile .

For any finite set C, ∆(C) denotes the set of probability
distributions over C. Let Γ = (N, (Xi)i∈N , (ui)i∈N ) be a
finite game in strategic form. Every pi ∈ ∆(Xi) is called
a mixed action for i. pi(xi) is the probability that player i
plays action xi. Every vector p ∈ ∆ = ×i∈N∆(Xi) defines
a probability distribution over X; The probability, p(x) of
x ∈ X is

∏
i∈N pi(xi).

Let um
i be the expected payoff function defined on ∆ by

ui. That is, um
i (p) = Ep(ui).

The game Γm = (N, (∆(Xi))i∈N , (um
i )i∈N ) is called

the mixed extension of Γ. A mixed action for player i in the
game Γ is an action for player i in the game Γm.

A mixed action equilibrium in a finite game Γ is defined
to be an equilibrium in Γm. It is well-known (see e.g, [5])
that every finite symmetric game in strategic form possesses
a symmetric mixed action equilibrium.
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3. Resource Selection Games with Known
Number of Players

In a resource selection system, Γ = (m, (wj)m
j=1) there

is a set of resources, M = {1, · · · ,m}, m ≥ 1. Ev-
ery resource j is associated with a cost function wj :
{1, 2, · · · } → <. wj(k) is the cost for every user of resource
j if there are k users. Together with the set of players Nn =
{1, · · · , n} a resource selection system defines a game in
strategic form– a resource selection game Γ(n). The action
set of every player i in Γ(n) is the set of resources M , and
the cost of i depends on the resource she chooses and on
the number of other players that choose this resource via
the resource-cost functions. That is, Xn

i = M for every
1 ≤ i ≤ n, and cn

i (x) = wxi(σxi(x)), where for every re-
source j and for every action profile x ∈ ×n

i=1X
n
i = Mn,

σj(x) is the number of all players s for which xs = j. Ob-
viously every resource selection game is a finite symmetric
game.

Let p ∈ ∆(M) be a mixed action of an arbitrary player.
That is, p = (p1, · · · , pm), where pj is the probability that
a player who uses the mixed action p will select resource j.
We denote the support of p by supp(p). That is supp(p) =
{j ∈ M |pj > 0}. Denote by cn(p, j) the expected cost of a
player that chooses resource j when each of the other n− 1
players in Γ(n) is using p. Let cn(p) be the expected cost of
every player when each of the n players in Γ(n) is choosing
p.

For every n ≥ 1, and for every 0 ≤ α ≤ 1. Let Y n
α ∼

Bin(n, α) be a binomial random variable. That is, fn
α (k) =

P (Y n
α = k) =

(
n
k

)
αk(1− α)n−k for every 0 ≤ k ≤ n. Let

Fn
α (k) = P (Y n

α ≤ k) be the distribution function of Y n
α .

Obviously

cn(p, j) = E(wj(1 + Y n−1
pj

)), (1)

where E stands for the expectation operator. That is,

cn(p, j) =
n−1∑
s=0

wj(s + 1)fn−1
pj

(s). (2)

Let (q, · · · , q) ∈ ∆(M)n be a symmetric mixed-action
equilibrium profile in Γ(n). We will refer to q as a
symmetric-equilibrium action.

Theorem 1 Every resource selection game with at least
two players (n ≥ 2) with increasing 12 resource cost func-
tions possesses a unique symmetric mixed-action equilib-
rium.

In order to prove Theorem 1 we need some preparations.
We prove two lemmas, and a corollary to these lemmas. The
proofs of Theorem 1, of the lemmas, and of the corollary are
given in the full version.

12 That is, wj(k) < wj(k + 1) for all j and k.

Lemma 1 Let n ≥ 1. Fn
α (k) is a strictly decreasing func-

tion of α for every 0 ≤ k ≤ n− 1.

Lemma 2 Let Γ(n), n ≥ 2 be a resource selection game.
Let q, p ∈ ∆(M) be mixed actions, and let Let j ∈ M be
a resource such that wj is increasing in {1, 2, · · · , n}. If
pj > qj then cn(p, j) > cn(q, j).

Corollary 1 Let Γ(n), n ≥ 2 be a resource selection game
with increasing resource cost functions. All symmetric equi-
librium actions in Γ(n) have the same support.

For every n ≥ 1 we will denote the unique symmetric
equilibrium in Γ(n) by pn, and we denote by cn = cn(pn)
the equilibrium cost of a player in Γ(n).

We say that a resource cost function wj is convex if it can
be extended to a convex function on [1,∞).

The following lemma will be useful later.

Lemma 3 Let Γ = (m, (wj)m
j=1) be a resource selection

system, with increasing and convex cost functions. There
exists an integer K ≥ 2, K = K(Γ) such that for ev-
ery n ≥ K, the unique symmetric-equilibrium action in the
game Γ(n), pn ∈ ∆(M) has a full support. That is, pn

r > 0
for every 1 ≤ r ≤ m.

Proof: Recall that pn is the unique symmetric-equilibrium
action in Γ(n), and that cn = cn(pn) is the symmetric-
equilibrium cost of every player. As pn is in equilibrium,
cn(pn, j) = cn for every j ∈ supp(pn) . For every resource
j we denote by wj the convex extension of wj to [0,∞). As
wj is convex,

cn(pn, j) = E(wj(1 + Y n−1
pn

j
)) ≥ wj(1 + E(Y n−1

pn
j

)) =

wj(1 + pn
j (n− 1)),

where the first equality follows from (1), the inequality fol-
lows from the convexity of wj , and the last equality follows
from the well-known fact that

E(Y n
α ) = αn. (3)

Obviously, there exists j ∈ supp(p) for which pn
j ≥ 1

m . For
this resource j

cn = cn(pn, j) ≥ wj(1 +
1
m

(n− 1)) ≥
m

min
r=1

wr(1 +
1
m

(n− 1)).

Since wj is increasing and convex, limn→∞ wj(n) = ∞ for
every resource j. Therefore limn→∞ cn = ∞. Hence, there
exists K such that for every n ≥ K cn > maxm

j=1 wj(1).
We claim that for every n ≥ K, pn

r > 0 for every 1 ≤ r ≤
m. Indeed, if pn

r = 0 for some r then because cn > wr(1), a
player will decreases her cost by deviating from pn to r (as-
suming every other player is using pn). This contradicts pn

being a symmetric-equilibrium action.
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4. Equilibrium in Pre-Bayesian Games

In this section we define a general model of pre-Bayesian
games, and we present and prove existence results for
minimax-regret, safety-level, and competitive-ratio equilib-
ria in such games.

A pre-Bayesian game is a tuple G = (N, Ω, (Xi)i∈N ,
(Si)i∈N , (Ti)i∈N (t̃i)i∈N , (ui)i∈N , (e)i∈N ), where

• N is the set of potential players.

• Ω is the set of states.

• Xi is the set of possible actions of agent i−− Only a
subset of Xi will be available for i at a given state ω.

• The symbol ei stands for a dummy action for i. It
does not belong to Xi. Let Zi = Xi ∪ {ei},and let
Z = ×i∈NZi.

• Ti ⊆ 2Xi × Si is the set of types of i. Hence, every
type of i is a pair ti = (t1i , t

2
i ), where t1i j Xi and

t2i ∈ Si. ti is an active type if t1i 6= ∅.

• t̃i : Ω → Ti is the signaling function of i; t̃i(ω) =
(t1i (ω), t2i (ω)) = (Xi(ω), si(ω)). For every ti we de-
note by Ω(ti) the set of states that can generate ti. That
is Ω(ti) = {ω|t̃i(ω) = ti}. We assume that Ω(ti) 6= ∅
for every ti ∈ Ti.

Player i is active at ω if t̃i(ω) is an active type. The
set of all active players at ω is denoted by N(ω).

• ui : Ω× Z → < is the payoff function of i.

The pre-Bayesian game proceeds as follows. Nature
chooses ω ∈ Ω. Every player i ∈ N(ω) chooses an ac-
tion xi ∈ Xi(ω) . Every non-active player j does nothing. It
is modelled by choosing ej . Hence, the players form a pro-
file z ∈ Z. Every active player i receives ui(ω, z). A strat-
egy of i is a function bi : Ti → Zi such that bi(∅, si) = ei

for every si ∈ Si, and bi(ti) ∈ t1i whenever t1i 6= ∅. We de-
note by Σi the set of strategies of player i ,and let
Σ = ×i∈NΣi.

Let G be a pre-Bayesian game. We say that G is a finite if
the set of potential players, the set of states , and the strategy
sets are finite. We say that G is a compact-continuous pre-
Bayesian game if the set of players and the set of states are
finite, Xi is a compact subset of some Euclidean space13,
for every type ti, t1i is a compact subset of Xi, and for ev-
ery ω ∈ Ω, the restriction of ui(ω, ∗) to Xi × Z−i is con-
tinuous in xi.

A compact continuous pre-Bayesian game is concave
if Xi is a convex subset of some Euclidean space, every
t1i ⊆ Xi is convex , and for every ω ∈ Ω, the restriction of
ui(ω, ∗) to Xi × Z−i is concave in xi.

Let G = (N, Ω, (Xi)i∈N , (Si)i∈N , (Ti)i∈N , (t̃i)i∈N ,
(ui)i∈N ,e) be a finite pre-Bayesian game. Denote

13 Or of some linear topological space.

∆i = ∆(Xi), and for every Yi ⊆ Xi let Oi(Yi) be the set
of all probability distributions in ∆i that vanish outside Yi.
Note that Oi(∅) = ∅. Let Tm

i = {(Oi(t1i ), t
2
i )|(t1i , t2i ) ∈

Ti}. Define t̃mi : Ω → Tm
i as follows: t̃mi (ω) =

(Oi(t̃1i (ω)), t̃2i (ω)). The pre-Bayesian game Gm =
(N, Ω, (∆i)i∈N , (Si)i∈N , (Ti)i∈N , (t̃mi )i∈N , (um

i )i∈N ,e)
is called the mixed extension of G, where um

i is the
expected-payoff function defined by ui. Obviously Gm is a
concave pre-Bayesian game. Every strategy of i in Gm is
called a mixed-strategy for i in G.

4.1. Safety-level equilibrium

Safety-level equilibrium were defined by Aghassi and
Bertsimas in ([1]). We use their definition for our general
model of pre-Bayesian games.

Let G be a compact-continuous pre-Bayesian game. Let
b−i = (bj)j∈N\i be a profile of strategies of all players but
i, and let ti = (Yi, si) be an active type for i. For every yi ∈
Yi the worst case payoff of i is

Vi(ti, b−i, yi) = min
ω∈Ω(ti)

ui(w, yi, b−i(t̃−i(ω)).

Obviously Vi is continuous on Yi. We say that y∗i ∈ Yi is
optimal for an active type ti = (Yi, si) given b−i if the max-
imal value of Vi(ti, b−i, yi) over yi ∈ Yi is attained at y∗i . A
strategy of player i, bi, is a safety-level best-response to b−i

if for every active type ti, bi(ti) is optimal for ti given b−i.
A strategy profile b = (bi)i∈N is called a safety-level equi-
librium if for every i, bi is a safety-level best-response to
b−i.

Hence, b is a safety-level equilibrium if and only if
for every ω, and for every player i, which is active at ω,
bi(t̃i(ω)) is optimal for t̃i(ω) given b−i.

A safety-level equilibrium in a pre-Bayesian game with
exactly one state is simply a Nash equilibrium in this game.
We next show that safety-level equilibria exist in every con-
cave game.

Theorem 2 Every concave pre-Bayesian game possesses a
safety-level equilibrium.

Proof: For every i, let T a
i be the set of active types, and let

T d
i = Ti \ T a

i be the set of dummy types. Every bi ∈ Σi is
determined by its restriction to T a

i . Note that Σi is a closed
convex subset of X

T a
i

i , which is a convex and compact set
because it is a cartesian products of such sets. In this sense,
every Σi and Σ are convex and compact spaces. For ev-
ery b ∈ Σ and for every i ∈ N let Bi(b) ⊆ Σi be the
set of all di ∈ Σi, which are best response to b−i. Let
B(b) = ×i∈NBi(b) ⊆ Σ. It is standard to check that the
correspondence b → B(b) satisfies the conditions of Kaku-
tani’s fixed point theorem. That is, it is upper hemicontin-
uous, and B(b) is a nonempty compact convex subset of Σ
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for every b ∈ Σ. Therefore there exists a fixed point b, that
is, bi ∈ Bi(b) for every i ∈ N . Obviously such a fixed point
is a safety-level equilibrium.

Hence, if G is a finite game, Gm possesses a safety-level
equilibrium. Every such an equilibrium is called a mixed-
strategy safety-level equilibrium in G.

4.2. Minimax-regret equilibrium

Minimax-regret equilibrium were defined by Hyafil and
Boutilier in [4]. We use their definition for our general
model of pre-Bayesian games.

Let G be a compact-continuous pre-Bayesian game. Let
b−i = (bj)j∈N\i be a profile of strategies of all players but
i, let ti be an active type of i, and let ω ∈ Ω(ti). The regret
of xi ∈ t1i at w is defined as:

R(xi, w, ti, b−i) =

max
zi∈t1i

[ui(w, zi, b−i(t̃−i(ω))− ui(w, xi, b−i(t̃−i(ω)))].

The maximal regret of xi ∈ t1i over all ω ∈ Ω(ti) is denoted
by MR(xi, ti, b−i). That is:

MR(xi, ti, b−i) = max
ω∈Ω(ti)

R(xi, w, ti, b−i).

We say that yi ∈ t1i is a minimax regret strategy at ti given
b−i if the minimal value of MR(xi, ti, b−i) over xi ∈ t1i
is attained at yi. A strategy bi is a minimax regret best re-
sponse to b−i if for every active type ti, bi(ti) is a minimax
regret strategy at ti given b−i. b is a minimax regret equi-
librium if for every player i bi is a minimax regret best re-
sponse to b−i. The next theorem shows that minimax-regret
equilibria exist in every concave pre-Bayesian game. The
proof is similar to the proof of theorem 2.

Theorem 3 Every concave pre-Bayesian game possesses a
minimax-regret equilibrium.

4.3. Competitive ratio equilibrium

Competitive ratio equilibrium resembles the minimax-
regret equilibrium. They differ only in the definition of re-
gret.

Let G be a compact-continuous pre-Bayesian
game, where all payoff functions are positive. Let
b−i = (bj)j∈N\i be a profile of strategies of all play-
ers but i, let ti be an active type of i, and let ω ∈ Ω(ti).
Replace the definition of R(xi, w, ti, b−i) in the previ-
ous section with the following:

R̂(xi, w, ti, b−i) = max
zi∈t1i

ui(w, zi, b−i(t̃−i(ω))
ui(w, xi, b−i(t̃−i(ω)))

.

Note that R̂ is well defined since all payoff functions are
positive.A strategy profile b is a competitive-ratio equilib-
rium if for every player i bi is a minimax-regret best re-
sponse to b−i with respect to the regret function R̂.

Theorem 4 Every concave game in pre-Bayesian game
with positive payoffs functions possesses a competitive ra-
tio equilibrium.

The proof follows from Theorem 3 by applying the loga-
rithmic function to the payoff functions.

5. Resource Selection Games with Unknown
Number of Players

Consider a fixed resource selection system, Γ with the
set of resources M = {1, · · · ,m}, m ≥ 1, and resource
cost functions (wj)m

j=1.
We proceed to describe our model of resource selec-

tion games with unknown number of players. Let N =
{1, 2, · · · , n}, n ≥ 1. be the set of potential players. The
set of states, Ω is the set 2N \ {∅} of all nonempty subsets
of N . The set of actions of player i is the set of resources.
That is, Xi = M for every player i. The sets Si will have
no use, and therefore we ignore them. The set of types of i
is Ti = {∅,M}. The signaling functions are defined as fol-
lows: t̃i(J) = M if i ∈ K and t̃i(J) = ∅ if i 6∈ J . Re-
call that Zi = M ∪ {ei}, where ei denotes a dummy ac-
tion. The cost function of i is ci : Ω × Z → <, where for
i ∈ J ⊆ N , ci(J, z) = wzi(σzi(z)), where σzi(z) is the
number of all players l ∈ N for which zl = zi. The values
of ci(J, z) for subsets of N that do not contain i are not rel-
evant and should not be specified. The above pre-Bayesian
game is finite. We denote its mixed extension by GΓ(n), and
we referred to GΓ(n) as a resource selection game with un-
known number of players. A strategy of player i in GΓ(n)
can be described by a mixed action q[i] ∈ ∆(M). That
is, when receiving the signal M , i uses q[i] and when re-
ceiving the signal ∅, i uses her dummy action, ei. Since we
deal with costs and not with payoffs we use minimax rather
than maximin in the definition of safety-level equilibrium.
let µ = q[1], · · · , q[n]) be a strategy profile in GΓ(n), and
let i be a player. Let µ[−i] = (q[l])l∈N\{i} be the profile of
strategies of the other players. If i is active, that is she re-
ceived the signal M , then the set of states that are compati-
ble with i’s signal, Ωi(M) is the set of all nonempty subsets
of N that contain i. If all cost functions are non-decreasing,
and if i believes that all other players are using the profile
q[−i], then it is obvious that the worst case scenario for i is
obtained in the state N . Thus we have:

Lemma 4 Let Γ be a resource selection system in which
the resource cost functions are non-decreasing. Let µ ∈
∆(M)n. µ is a safety-level equilibrium in GΓ(n) if and only
if µ is a mixed-action equilibrium in Γ(n).
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Proof: Assume µ is a mixed-action equilibrium in Γ(n).
Let i be an active player. By the comment we made before
the statement of the lemma,

min
p[i]∈∆(M)

max
S∈Ω(M)

ci(J, p[i], µ[−i]) =

min
p[i]∈∆(M)

ci(N, p[i], µ[−i]).

Because µ is a mixed-action equilibrium in Γ(n), the min in
the right hand-side of the above formula is attained at q[i].
Therefore µ is a safety-level equilibrium in GΓ(n). An anal-
ogous argument proves the if part of the lemma.

Theorem 5 Let Γ be a resource selection system in which
the resource cost functions are non-decreasing. GΓ(n) has
a unique symmetric safety-level equilibrium. In this sym-
metric safety-level equilibrium every player is using the
strategy pn, where pn is the unique symmetric-equilibrium
action in Γ(n).

Proof: The proof follows directly from Theorem 1 and
Lemma 4.

By Theorem 5, each of the players in GΓ(n) is using the
strategy pn, where pn is the unique symmetric-equilibrium
mixed action in Γ(n). However, the cost of each active
player in GΓ(n) is not cn = cn(pn), it depends on the
true state. If the true state is J , that is J is the set of ac-
tive players, and |J | = k, the cost of each active player i
is ck(pn). It is worthy to compare this cost with the cost
ck = ck(pk) that every player in J would have paid had
the players in J known the state. We make these compari-
son in linear models. We say that a resource selection sys-
tem is linear if for every resource j there exists a constant dj

such that wj(k) = wj(1) + (k − 1)dj for every k ≥ 1. For
every number of players, n, the associated resource selec-
tion game, Γ(n), as well as the associated resource selec-
tion game with unknown player set, GΓ(n) will be called
linear too. Note that in a linear system, wj is increasing if
and only if dj > 0, and wj is non-decreasing if and only if
dj ≥ 0. The proof of the following theorem, Theorem 6 is
given in the full version:

Theorem 6 Let Γ be a linear resource selection system
with increasing resource cost functions. For every k ≥ 2 let
pk be the unique symmetric equilibrium in Γ(k). There exist
an integer K = K(Γ), K ≥ 2 such that for all n > k ≥ K:

1. ck(pk) ≥ ck(pn).

2. All inequalities above are strict if and only if there ex-
ists j1, j2 ∈ M such that wj2(1) 6= wj1(1)

Theorem 6 is applicable to a mechanism design setup
in which the organizer knows the number of active play-
ers, and the players do not know this number. If the goal

of the organizer is to maximize revenue then he is better
off revealing his private information. If his goal is to max-
imize social surplus, then he should not reveal that infor-
mation. In order to estimate the gain of the players result-
ing from their ignorance we analyze the function ck(pn).
The proof of the following theorem is given in the full ver-
sion:

Theorem 7 Let Γ be a linear resource selection system
with increasing resource cost functions.There exist K such
that for every n ≥ K the following assertions hold:

1. pn
j = n−1+B−wj(1)A

Adj(n−1) , where A =
∑m

j=1
1
dj

, and B =
∑m

j=1
wj(1)

dj
.

2. The minimal social cost in Γ(k) attained with symmet-
ric mixed-action profiles is attained at p2k−1. Conse-
quently, ck(pn) is minimized at n = 2k − 1.
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Abstract

Reputations of electronic parties are important for their
economic viability in business settings. Potential clients of
e-services cannot rely solely on their own experiences to
gain knowledge about e-services’ reputations. Plainly ag-
gregating rating comments from other clients can often be
misleading. Therefore, we are presenting a reputation ag-
gregation model which seeks for the subgroup of raters that
(1) contains the largest degree of overall agreement and (2)
derives the resulting reputation scores from their comments.
We complement the reputation system by adding policies
that promote both truth revelation for the rater commen-
tary, and also competition over service quality between
providers. Then we describe the recursive algorithm of the
model, which judges a rater’s commenting quality based on
the divergence between his and the other raters’ comments.
This algorithm feeds the commenting quality back into the
aggregation function as a weight on the rater’s comments.
We evaluate our algorithm in simulations of three challeng-
ing threat scenarios. To this end, we show that our aggre-
gation model can be effectively used to deselect weak rating
accuracy, and to filter out a malicious collective of raters
which makes up almost half of the rating population. Fi-
nally, we show that the model is able to reveal provider be-
havior that is biased in favor of specific groups of raters.

1 Motivation for a Reputation Reporting Ser-
vice

Clients choose a service provider on the basis of (1) price
versus promised performance aspects such as, for exam-
ple, a provider’s contractual terms in an SLAs and (2) the
client’s confidence in how well this provider will deliver on
the negotiated performance. Aggregating the confidence of
many clients resembles the reputation of a provider. The
importance of reputation in the clients’ decisions often is

underestimated in the designs of electronic market places.
This has been the case in, for example, Giovanetti and Ris-
tuccia’s [6] analysis on the band-x backbone bandwidth
market, where the researchers found that clients did not rely
much on the reported performance numbers, but more so on
the reputations of large, well-known providers.

Introducing widely accepted reputation systems for e-
services requires addressing a collection of pitfalls that are
inherent to them. Most of these pitfalls are not of a techni-
cal nature. For technical policies such as “we want to keep
commentators anonymous”, we are able to devise technical
solutions. The questions that are difficult to address are in
the nature of the design philosophy.

For once, one needs a definition of the scales by which to
measure the reputation of a provider - a definition which in-
cludes the understanding of the pragmatic meaning of these
scales. The reputation model we are presenting makes only
one assumption about the choice of the reputation valua-
tion function, namely that the reputation system operator
has chosen an appropriate function.

The question, then, arises: Can we trust the rating submis-
sions from all raters? Should we give more weight to those
raters who are seemingly more trustworthy than those who
might be less well-informed? To address these questions,
our model has the ability to redistribute the influence it as-
signs to a rater on the aggregated scores, and to do so in
favor of certain better informed raters. In addition, we are
able to produce different views of the reputation results, de-
pending on which rater, or set of raters, we ex ante trust
more.

A separate threat model category exists on the side of the
providers: Do they treat all their clients equally? Can we
recognize provider discrimination? Can we distinguish dis-
crimination behavior from biased client behavior? We ad-
dress these different threat models by simulation them in
challenging rating scenarios.

Finally, do clients have some incentive to submit ratings at
all? Do they have a tangible incentive state their experiences
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truthfully? We create these incentives by listing the clients
as contributors to the reputation system and adapt policies
that discourage undesired behavior.

A more detailed description of the reputation system’s
model, as well as further examples and demonstrations of
its applicability can be found in [8]. This includes a detailed
investigation of the technical model properties, as well as a
practical example. In the following section we discuss some
of the design choices and prior observations we made that
led to the development of the reputation system as we will
present it in section 3.

2 Reputation System Philosophy

2.1 Asymmetric Agents

Our system distinguishes between raters and rated entities,
and allows only for uni-directional ratings. Our design re-
quires this distinction because our market model assumes
a regular business-style scenario with separate clients and
providers. In this market model, clients are usuallynot
providers for the same service, as in peer-to-peer networks
or eBay-style trading transactions. This distinction has sig-
nificant drawbacks, because it is easier to assess the credi-
bility of raters when judging their rating behavior alongside
their providing performance. For example, in peer-to-peer
systems, I can distrust both the ratings submitted by a peer
who has a poor provision performance, and also all the peers
who rated this peer highly. In a client-server market model
we lack such a high degree of interaction and rating con-
nectivity. Nevertheless, we want to use such a model to
calibrate raters’ comments by the quality of comments they
are submitting.

2.2 Quantitative Scales

We require that all users of our reputation system agree on
one scale and assigned meaning of the reputation variable,
which together characterize the recommended ordering of
preferred providers. This means that the reputation variable
has to be an objectively measurable, numeric value∈ R
which can be observed by all users in the same way. This
R-reputation variable may be a technically measurable met-
ric, such as the fact that the service has a response latency
of a few seconds. But the metric could also be a percentage
variable which notes providers’ performances in the form of
a qualitative statement such as “90% of all transactions with
this service were successful”. With transformation func-
tions like this, one can adapt many qualitative observations,
including binary ones, to a numericR-variable.

Why should we not operate more with qualitative observa-
tions though? A qualitative assessment usually produces a
more accurate picture, but leads to difficulties at the point
of comparison and aggregation of observations. The moti-
vation, for this requirement is that most of the times, when
evaluating and judging an object - which is what reputations
are about - one does so in order to make a choice, or better
to produce a ranking of preferences. Thus, our desired out-
come is not qualitative, but actually a quantitative descrip-
tion of precise orderings. In order to obtain the quantitative
results, we need at some point a mapping from qualitative to
quantitative observations. It is our assertion that we achieve
more transparent aggregation results, if this transition from
qualitative to quantitative observations is done rather earlier
than later in the aggregation process.

The technical reason for demanding objectively measurable
reputation input parameters is that our rating model is not
able to adjust for generally biased raters, i.e. raters who
judge entities in the same way as other raters, but who
nonetheless assign all entities one full grade lower than the
unbiased raters. The model would recognize behavior like
this as the grounds for a “poor rating”, and would reduce the
influence that such a rater would have on the final scores.
On a more general level, though, as pointed out by Pen-
nock [10], a reputation system would need to be indepen-
dent of the scales. Economists in general believe that the
absolute magnitude of one user’s scale cannot be compared
with another user’s (see Arrow [2] and Sen [11]). This is
due to the fact that users inescapably are biased, and im-
plies that users’ utilities cannot be added up because they
are invariant under linear transformations. Thus, it is neces-
sary to require agreement among all the users on the scale of
the reputation values. This agreement allows clients to have
a certain variance with regard to the technical applications
of the metric.

2.3 Rating Commentators

The reputation system calculates the performance scores of
the services by averaging the comments submitted by the
rating-clients. After collecting the divergences between all
the comments given by a rater and the overall scored ob-
tained, we derive a quality rating about the rater. Then the
rater’s quality variable is fed back into the rating of the per-
formance scores, as a weight on his comments.

2.4 Truth Revelation Incentives

Given the uni-directional rating design of the system, we
need explicit incentives which will entice clients to submit
comments about their experiences with the services, and
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moreover, to report on these truthfully. We create this in-
centive for each client by publishing, as a part of the rep-
utation system, a list of clients who contributed comments
and the number of comments they did present. We expect
that a client who is listed as a rater can expect to be treated
well by the service providers, because his listing is a signal
to them that in future he also will submit reports on their
performance. The number of comments that a client has
submitted reveals whether a client, relative to his activity
level, has supplied more than just a token commentary.

To entice truth revelation from the clients, we have to ap-
ply another measure to our reputation system. We consid-
ered the possibility of publishing the rater reputation that
our system calculates in the process of aggregating scores.
There, a rater’s reputation reflects his rating accuracy and
the influence assigned to his comments by the reputation
system. Making this rater reputation public would increase
the rater’s incentive to provide high ranking commentary,
because this would send a stronger signal to the providers.
However, the rater reputation should be kept undisclosed by
the reputation system, since knowing this would also create
an incentive for the clients to modify or even fabricate their
comments in a targeted way. They could do so by submit-
ting comments that reflect the currently published scores for
the services. So actually, in order to promote truthful com-
ment submissions, the reputation system adopts a policy of
striking clients off its list of raters if they submit erratic or
modified comments. We can recognize such clients from
their particularly low rating reputations. We should point
out that the clients’ reputations and their influence on the
ratings will decline and remain unnoticed outside of the rep-
utation system before we strike them off the rater register.
We strike them off once the coherency of their ratings un-
derpasses a certain low standard. Figure 3 in section 4.1
gives an example for how inaccurate raters can be identified
through the reputation system. With this policy, raters have
no incentive to submit untruthful comments. Instead, they
have an incentive against this, particularly because they are
not able to gauge how high their own rating reputation is.
Rating reputations depend on all the other comments and
thus are only known by the reputation system.

Another advantage in adopting this policy of striking off
random or malicious raters is that doing so reassures
providers that the reputation system is meaningful and that
they should accept the published rankings. This accep-
tance should increase their willingness to improve their ser-
vice quality where necessary. Service quality improvements
should actually be self-evident if the reputation system cre-
ates competition over quality aspects.

3 The Rating Mechanism

We have a set ofl ratersR = {r1, .., rl} who ratek service
providersP = {p1, .., pk} on the performance they expe-
rienced as clients. The providers perform at a certain ’real’
performance level and this is the value we ideally would like
to obtain as a final score for this provider in the reputation
reporting system. However, this ’real’ level is an unknown
variable, possibly even unknown to the provider himself.
Every time a client requests services from this provider the
client experiences a probabilistic value of this performance.
However, these individual ’experiences’ may be observed
slightly differently by each individual client. The individ-
ual differences arise from a number of reasons such as them
applying different measurements, or aggregating their expe-
riences on different scales.

Every so often, at timet raterrA ∈ R will make acom-
ment: ct, rA 7→pB

∈ C, about providerpB ∈ P , reporting
his observations in form of a numerical value:val(c) ∈ R.
The following calculations are performed for all raters and
providers, however in order to simplify the notation, we will
demonstrate the calculations for an exemplary raterrA and
an exemplary providerpB . As the comments are collected
at a central point in the reputation system, we define all
comment time stampst to be distinct. Raters can submit
more than one comment about a provider and these can be
distinguished by the time the comment was made.

After collecting a sufficient number of comments1 on a
provider:|{ct, r∗ 7→pB}|, we can calculate an initial score for
this provider. In our terminology ’∗’ represents any client
or provider applicable. Before entering the iterative loop,
we initialize the provider scores to obtain theinitialization
vectors(0)

p1,..,k . This initialization simply averages the values
of all the comments:

∀ pB ∈ {p1, .., pk} :

s(0)
pB

=





∑
c∈C′

val(c)

|C ′| , C ′ = {ct, r∗ 7→pB
∈ C}

0, if C ′ = ∅.
(1)

C ′ is the set of all comments made by any rater about
providerpB and if this set is empty, we assign a score of
null. The (0) represents the iteration number2, indicating
the initialization procedure at this point, where we simply
average the received comments.

1It is possible to develop a confidence value that indicates how many
comments are sufficient to achieve statistical integrity. However, we de-
cided to omit developing and analyzing such a variable.

2In our notation, where variables (e.g.s) are indexed by the iteration
number (e.g.n), such ass(n), the iteration number is kept in parenthesis
in the superscript in order to distinguish these from power operations.
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Next, we calculate the score each rater would assign by him-
self for each provider. For each provider, we take the collec-
tion of raters having submitted comments on this provider
and then for each rater within this set we average his com-
ments on this provider to obtain a local scorelocal.srA 7→pB .
Here, C ′ is the set of all comments made by raterrA at
different times about providerpB and if this set is empty,
C ′ = ∅, we assign a score of null,local.srA 7→pB

= 0:

∀ rA ∈ {r1, .., rl} : ∀ pB ∈ {p1, .., pk} :

local.srA 7→pB
=





∑
c∈C′

val(c)

|C ′| , C ′ = {ct, rA 7→pB
∈ C}

0, if C ′ = ∅.
(2)

After calculating initial and local scores for all providers,
we enter the iterative loop and calculate for all the raters
their reputationsqrA∈R: The reputation is calculated from
the difference between raterA’s comments and the above
calculated initial scoress(0)

p . Then we calculate the standard
deviation of this difference. Of this difference we take the
norm by dividing it by the number of comments submitted
by this client. This yields our reputation value, except that,
as it stands, a good rater with a high rating reputation would
be assigned a smaller valueq. In order to correlate good
reputations to high reputation values, we invert this final
reputation value.C ′ is the set of all comments made by
raterrA about any provider and if this rater did not submit
any comments at all, he is assigned a rater reputation of null,
qrA

= 0:

∀ rA ∈ {r1, .., rl} :

q(n)
rA

=





|C ′|√ ∑
c∈C′

(
s
(n)
p∗ − val(c)

)2
, C ′ = {ct, rA 7→p∗ ∈ C}

0, if C ′ = ∅.
(3)

Following, we use the raters’ reputation values as a weight
on their comments, and therefore obtain an updated score
for the provider ratings.

This weight each rater obtains is directly proportional to
their reputation valueq, and is represented as their share of
influenceinfl on the reputation scores. From the above col-
lection of all raters{r1, .., rl} of the providers{p1, .., pK},
we take their reputation values{qr1 , .., qrl

}, and divide
100% of available influence into slices{inflr1

, .., inflrl
},

proportionally to these reputation values. Additionally we
introduce what we will label the rating model’sselectivity
weightvariablew, which reinforces the selective effect of
the model forw > 1 and dampens the model effect for
0 < w < 1. Forw = 0 the model effect is entirely disabled

and the resulting scores are result of plainly averaging the
input comments. This selective weight variable is essential
to the utility of the rating model, as we need it to adjust
the model’s balance between selection and inclusiveness to
any certain market scenario. In case the model was run on
an empty input set without any comments submitted to the
system, we assign all influence values to null,inflrA

= 0:

∀ rA ∈ {r1, .., rl} :

infl(n)
rA

=





(
q
(n)
rA

)w

l∑
i=1

qw
i

, C 6= ∅

0, C = ∅.

(4)

Finally, we compute an updated performance score rating
s
(n+1)
pB for the next iterationn + 1 by summing up the aver-

aged comments from 2 multiplied with the influence shares
from the previous equation (4). Note that if in the previ-
ous equation (4) all influence values have been set to null,
inflrA

= 0, the resulting scores automatically also are all
null:

∀ pB ∈ {p1, .., pk} :

s(n+1)
pB

=
l∑

i=1

(
local.sri 7→pB

× infl(n)
ri

)
. (5)

This concludes iterationn, the next will continue at step
(3), with these now updated provider scores and raters’ in-
fluence values. This iterative process will continue, un-
til the updated differences of the calculated performance
scores fall below a convergence thresholdδ. Convergence
is usually very rapid, and we found a fixed threshold of
δ = 0.0001 to be practically suitable in most conceivable
scenarios. The algorithm is robust such that if one runs this
rating algorithm with no or only one comment as input, the
algorithm converges immediately in the first iteration.

3.1 Confidence Value

If only a subset of raters has submitted ratings on a particu-
lar provider, the resulting score of the provider is only based
on the comments from these raters. This may mean that a
resulting score can be derived from raters who have a low
overall rating reputation. There is little to be done about the
score in such a case, since there are no other ratings that
we have more confidence in. However, from equation (5)
we can calculate the sum influence values that we used to
compile a resulting score and therefore obtain a confidence
value on this score. The confidence valueconfidencepB

is
calculated for every provider, after the algorithm has con-
verged:
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∀ pB ∈ {p1, .., pk} :

confidencepB
=

∑

j∈R′
inflj ,

R′ = {r∗ ∈ R | ∃ ct, r∗ 7→pB
}. (6)

The confidence valueconfidencepB
∈ [0, .., 1] is a measure

that states how many per cent of the total accumulated rater
reputation participated in deriving the score for this provider
pB .

3.2 Multiple Convergence Points

The algorithm converges very well, but is able to pro-
duce more than one convergence point. In this section we
first present the convergence properties of the algorithm
and then explain the implications of multiple convergence
points.

For a scenario of non-convergence to exist at all, it is nec-
essary that in the course of the algorithm’s iterations, we
reach in equation (5) an influence vector which is identi-
cal to a vector reached in a previous iteration. Otherwise,
the shifting of influence shares will progressively and even-
tually converge to a stable set of scores, because the local
scoreslocal.s are fixed after the initialization and the algo-
rithm cannot avoid convergence without traversing the same
influence share vector twice. It is hard to construct a sce-
nario that leads into a an infinite cycle, the most promising
approach would be to devise a scenario that fulfils the arrow
impossibility theorem [2]. However we did not encounter
any such scenarios and in general the algorithm converges
rapidly, within several dozen iterations. Only when the so-
lution approaches discontinuities, when the solution falls
onto an altogether different convergence point, the conver-
gence can take up to hundreds of iterations. The conver-
gence properties are investigated in greater detail in [8].

Depending on the setting of the selectivity weight factorw,
any given scenario set of comments has one unique or multi-
ple possible sets of scores to converge to. In fact, forw = 0
all scenarios have exactly one convergence point, this be-
ing the simple average of all comment values, and for a
very high setting ofw, as many convergence points exist
as there are raters. To reach all these convergence points
it is necessary to replace the initialization vectors

(0)
p1,..,k of

equation (1) by the values of the comments of each rater.
However, as soon as a second convergence point exists, the
results from the reputation model are questionable. The in-
tuition behind this is, that if for the same comments and
selectivity weight, we are able to obtain more than one

possible outcome, there is no model-inherent way to deter-
mine, which of the outcomes to choose. The motivation
for choosing simple averaging as an initialization vector in
equation (1) was to speed up the convergence. Therefore
we suggest to limit the settings ofw for to the range of
the unique solution scores, unless one has an application
suitable method for selecting one of the convergence points
over the others. One such method could be to user cus-
tomize the scores and to choose the convergence point from
the perspective of this user’s comments.

If starting from the same averaging initialization vector,
and continuously changing the the setting of the selectiv-
ity weight factorw, usually also results in continuous shifts
of the convergence point. Commonly, when changing from
one to the next convergence point, transitions are continu-
ous. However, discontinuous jumps are possible if the two
convergence paths are connected by discontinuous gradi-
ents. In our extreme example the two voting blocks corre-
spondingly have two convergence points, and scores grav-
itate to either of the two voting blocks, as long asw is set
strong enough to promote such selectivity. In this example,
betweenw = 1.77 andw = 1.78 the convergence assumes
a slightly different slope and then changes the direction of
the convergence slope. Figure 1 and 2 show the distribu-
tion of influence shares changing from iteration to iteration
for the two borderline values ofw = 1.77 andw = 1.78
and display how this transition comes to place. The very
same clients who dominate in setting A, are marginalized in
setting B and vice versa.

4 Threat Model Analysis

The scenarios in this section contain 100 raters and 20
providers. In these scenarios, the providers are set to per-
form at a certain average performance level, which is char-
acterized by a numeric value. The goal of our rating model
is to identify these performance levels from the comments
submitted by the raters. The scenario assumes that raters are
not able to capture the performance level of a provider per-
fectly, because performance is compiled from the quality of
interactions over a time period. But these scenarios assume
that the providers will on average perform to a certain mea-
surable level, therefore comments are drawn from a random
variable with a normal distribution where the mean equals
this performance level. While each provider will have a dif-
ferent performance level to show the figures more clearly,
one should note that the choice of the actual level is irrele-
vant to the the rating model, only the deviations from this
level are relevant.
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Figure 1. Slope of influence shares for the
divergent example at w = 1.77, converging to
voting block A.
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Figure 2. Same example during convergence
with w = 1.78 and gravitating to voting block
B.
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Figure 3. Influence Shares for a Mix of Ten
Raters with σ = 0.25 and 90 Raters at σ = 1.0.

4.1 Different Rating Accuracy

We want to confirm if the rating model is able to discern
raters with a weak rating consistency and set up a scenario
with sets of raters of different rating accuracy. One group
of 10 raters has a low standard deviation ofσ = 0.25 and a
second group of 90 raters has a relatively high standard de-
viation of σ = 1.0. In figure 3 we can identify the two dis-
tinct bunches of graphs, the top bunch corresponding to the
group of low deviation raters and the lower bunch relating to
the ten raters with the high deviation. In this scenario, one
would choose a selectivity factor of aboutw = [2.5, .., 3.0]
in order to put the balance in favor of the ten raters with a
low deviation. In doing so, we would ensure that the scores
are only drawn from raters with the higher accuracy.

4.2 Malicious Rater Collective Manipulating One
Provider’s Score

The most important threat model of “bad” ratings is a mali-
cious collective of raters who attempt to influence the score
outcome in a coordinated and directed fashion. For such a
scenario 40 raters apply a deviating commenting agenda by
adding an offset of−2.53 to their comment values. If this
set of deviating raters would apply their rating bias to all

3The offset value of−2.5 was chosen such that one could visibly
recognize the impact of the deviators on the scores, with the combined
scores effectively lowered by an offset of−1. One could also question
if a relatively smaller offset value for such a deviation would amount to a
threat model or would have to consider such comments valid and rightfully
include these in the scores.
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For 2 < w < 2.7 this offset is canceled out by
the reputation system.
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Figure 5. Influence shares for the scenario of
figure 4. The 40% raters who apply the rating
offset are given by the reputation system a
distinctly lower influence in the range of 2 <
w < 2.7 than the other raters.

the rated providers, it would be easier to filter them out. As
it is much harder to identify and deselect these deviators if
they attempt to artificially alter the rating of only one of the
providers, the bias is applied only to providerpA. In fig. 4
we see how the scores are effected by this deviation, be-
cause forw 5 w < 0.5 the scores are lowered by one unit
from the “correct” values. Increasingw makes the model
more selective and eventually forw > 2.5 the rating scores
reflect the rating pattern of the 60 “good” raters only. From
figure 5 we see though, that the gap between the graphs of
the 40 deviating raters (represented by the graphs close to
0 in the range of2 < w < 2.78) and the 60 other ones is
very narrow. This shows that the rating model is pushed to
its limit, although it still does achieve the goal of removing
the effect of the deviators for a selectivity weight value of
aboutw > 2.5.

At this point we would like to determine an appropriate set-
ting for w in this scenario, such that deviators are rightfully
disabled, but the other raters form a meaningful aggrega-
tion. Therefore we search for a second convergence point
by replacing the initialization vector in equation (1) with the
comment values of the deviators. Figures 4 and 5 actually
show the model results drawn from the altered initializa-
tion vector that is favoring the deviators. Atw = 2.78, the
second convergence point is available, the scores follow a
discontinuous jump to the scores of the deviator group and
the influence distribution is reversed for both groups. With
the existence of the second convergence point, the solution
is not unique and it could be debatable which of the con-
vergence points should be chosen. Therefore we choose to
disregard results that offer two convergence points.4 Within
the range of possible unique model solutions, we want to
maximize the rating model’s selectivity effect in order to
enable the model to filter out the deviating raters. Choosing
w = 2.78 satisfies both of these criteria and yields us model
solution scores that are practically free of influence taken by
the deviators, which at this point collectively only amounts
to 4.41%.

4.3 Deliberately Inconsistent Provider Perfor-
mance

The scenarios we discussed in the previous sections assume
that providers display a consistent performance behavior.
This does not imply that they have to deliver identical per-
formance every time, but we assume that clients base their
ratings on a number of transactions with a service and that

4We can choose to take into account results that allow for more than
one convergence point, if we have a method for choosing the desired ini-
tialization vector to reach the desired convergence point. One such method
is to take a client-specific view, and select the convergence point according
to this client’s comments.
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statistically the clients experience on average a similar per-
formance from a provider and that this average is character-
istic for this provider. Deriving a reputation with the model
under such assumptions for a provider who displays a high
variability in his performance would still result in the scores
correctly reflecting his average performance.

However, what happens if a provider does not deliver a var-
ied performance by statistical chance, but rather has opted
to treat a specific set of clients with a specifically worse or
better performance level? For example, providerpA could
decide that he delivers a guaranteed-level 99.99% of the
agreed performance terms to a majority of 75% of preferred
customers and delivers as low as only 50% of the agreed
performance terms to the minority of 25% of the remain-
ing contracting clients, when he needs to use these clients
as a best-effort-serviced buffer for his performance demand
variances. With the clients then submitting their observa-
tions as comments, this would result theoretically in a per-
formance score of 87.49%, if applying a plain average. We
would argue that this does not represent the performance of
the provider well at all. Such a result neglects the good and
the bad of this provider’s strategy.

In order to make this scenario statistically more realistic and
relevant, the majority group experiences a normal distribu-
tion with no performance above 100% and a very low stan-
dard deviation ofσ = 0.25, simulating the guaranteed per-
formance level. The minority group’s normal distribution of
comments on the other hand will never fall below 50% and
displays an extremely high standard deviation ofσ = 25.0,
reflecting the best effort characteristic of their service expe-
rience.

Figure 6 compares the model’s score outcomes for the two
possible convergence points ofpA’s rating and practically,
with the statistical circumstances mitigatingpA’s perfor-
mance bias, a plain averaging of comments results in a flat-
tering rating score of 91.4%. The remainder of this sce-
nario contains again 100 raters, with 25 reporting the lower
performance and a total of 20 providers, where the other
19 all behave consistently and predictable. While the first
convergence point is found from the overall average as the
initialization vector, the second is derived from an initializa-
tion vector formed from the comments the minority group is
submitting. As in the previous scenarios, as soon as the se-
lectivity weight is high enough such that the resulting scores
are not compromising between the two groups anymore, the
second convergence point appears, that is forw = 1.85.
At that point we can clearly identify the two general per-
formance levels (99.99%; 50%) this provider is supplying
to the two groups of clients. We can individually identify
which of the clients belong to either of these two groups by
observing the exact reversal of the influence shares held by
either group for the different convergence points. Ironically
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Figure 6. Scores for both convergence points
where provider pA is deliberately delivering
inconsistent performance.

though, when increasing the selectivity weight, eventually
for w = 2.83 the resulting scores center on one of the mi-
nority group raters who happens to be very close again to
the plain average which we obtained withw = 0.

From the point of view of the scores, this scenario is iden-
tical to a set of clients with a rating bias, as we described
in section 4.2. By analyzing the submitted comments it is
not possible to distinguish between a provider actually treat-
ing a client differently than others or a client turning out a
different rating than the performance he has received. The
model however is able to reveal these divergences, particu-
larly if these are part of a general pattern and not random
flukes. However, to tell which of the both cases of de-
viance we are dealing with is external to this rating model
and needs to be resolved with other methods.

5 Related Work

The idea to introduce reputations for raters in our reputation
aggregation algorithm was inspired by the way page rank-
ings are calculated in Google (transfer of endorsement[9]),
and has been picked up by other reputation system re-
search in various ways. Chen and Singh[4] integrated this
in their versatile reputation system, which allows for either
bi-directional or unidirectional ratings and is able to inte-
grate plain text comments from raters. Chen and Singh’s
research is closely related and supersedes ours in its func-
tionality. However, our algorithm and the threat models are
more specifically tailored to the uni-directional recommen-
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dation case of client-server oriented business scenarios.

Collaborative filtering systems are reputation systems that
use similarity-based approaches to provide a function that
aggregates recommendations of other clients in relation to
a specific client’s preferences. Pennock et. al. [10] analyze
the theoretical foundations of collaborative filtering systems
under the aspect of social choice theory. Dellarocas [5]
presents a cluster filtering algorithm, which he evaluates in
terms of its ability to eradicate the effects of unfair ratings.

For peer-to-peer reputation systems, Kamvar et. al. [7] de-
velop the EigenTrust algorithm, which uses a similar trust
propagation concept, transfer of endorsement, which recur-
sively feeds the trust information back into the aggregated
scores. Given that EigenTrust has been designed to suit a
more specific application than our reputation system, it is
interesting to note that both are able to identify similar sized
proportions of malicious peers.

Bayesian estimation is another approach to classify sets of
agents by their behaviour [1][3]. Buchegger [3] develops a
routing protocol for mobile ad-hoc networks, which uses a
modified Bayesian estimation procedure to eliminate false
information among the second-hand reputation information
and to isolates misbehaving nodes. The main difference be-
tween our approach and Buchegger’s is that Buchegger cal-
culates the reputation aggregation from the viewpoint of an
individual node, where our approach is the one of a service
that does not use first-hand information. Being able to use
first-hand information strengthens the filtering of misinfor-
mation, but it always makes the resulting recommendations
partial to the collector of the first-hand information.

6 Financing the Operations of the Reputa-
tion System

Operating such a reputation system needs to be funded in
some way. However, the way we choose to fund the reputa-
tion system has implications on the incentives put forth by
the reputation system. With an reputation system we aim
to resolve some of the market inefficiencies, which presum-
ably would yield benefits that could be tapped for refinance.
Clients benefit directly from the higher reliability of ser-
vices from better providers, and the providers benefit from
the market’s ability to drive “lemon”-providers out of busi-
ness and the therefore generally higher confidence by the
clients in the services market. Some providers may benefit
by charging a premium for delivering service with higher
reliability.

Possibly the easiest route to obtain the funds to run the
reputation service would be to demand subscription fees
from the listed providers, as these could afford to write off

the fees as a form of advertisement for themselves. The
other incentive for the providers to pay for a subscription
would be to lock foul competitors out of the market, as
they now would be identifiable through the reputation sys-
tem. Effectively they would be forming a guild of “accred-
ited” providers and thereby maintain a clean market for the
clients. However, we would choose against funding the sys-
tem by the providers, as this would create the wrong incen-
tives for the operation of the reputation service. The op-
erators of the reputation system would lack the incentive
to promote transparent performance comparisons between
providers and thereby promote competition among them,
but would have an incentive to set a high bar for the level for
market entry. Our reputation system seeks to aid the clients’
choice to make the market in general more efficient, and
a provider funded system would naturally follow different
goals.

The economically cleaner solution would be to demand
payment from the clients and thereby provide a direct in-
centive for the reputation system to cater to the needs of
the clients’ choice. A client funded reputation system does
not have an incentive to alter the objectivity of its provider
reputation rankings and if it is subject to competition itself,
where clients choose a reputable reputation system, the rep-
utation system also has a disincentive to accepting bribes
(or advertisement) from the providers. However, demand-
ing clients’ to pay is likely to meet their resistance, as it can
be expected that some of the clients rather not use such an
advisory service at all than having to pay for it, even if such
could be shown to pay off in the long run. Moreover, clients
could undermine this revenue model by forwarding or even
publicizing the reputation system’s ranking lists. Further,
the actual pricing model would be a sensitive issue, as a
fixed fee might be too high for some small one-time client
and yet negligible for a high-turnover one. Addressing this
through discriminatory pricing schemes is likely to intro-
duce distortions and using micro-payments that scale pro-
portionally with the volume of use is likely to introduce un-
reasonably high transaction overheads. A specific problem
is system startup, as the value of the reputation system in-
creases along with the number of gathered clients’ review
comments. Therefore, one could not use the client funding
to cover the startup phase. On a general level, it may turn
out that the clients’ individual per-transaction-profit from
using the reputation system is not sufficient to cover the run-
ning cost of the system, although amortized they themselves
or the whole market would profit. This is not an unlikely
case and one common solution is to call for a government
sponsored funding solution.

Where a system’s net benefits need to be amortized either
over time or aggregated over a number of market partici-
pants, it is common to seek for government sponsoring, as
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the system meets the criteria to be considered an infrastruc-
ture element. It is our anticipation that the reputation sys-
tem would be such a candidate due to all the complications
stated in our discussions about client funding and rejecting
provider funding on the ground of incentive incompatibility.

Another possible solution is the mix of government and
client funding. In that case one would draw on client
charges for enquiries about high stakes services that yield
client benefits clearly outweighing the charges and govern-
ment funds for the remainder, in particular any startup pe-
riods. In the UK’s energy market, the government supports
such price comparisons in order to make the market more
dynamic and transparent. Even in the absence of direct
government funding for a reputation system, it may well
be necessary to introduce government regulations that pro-
tect the reputation reporting system. Otherwise providers
not only can lack cooperation with such a reputation sys-
tem setup, but could actively obstruct its work, for example
by demanding from their clients not to disclose their expe-
riences that stem from using the provider’s service. Such
obstructions would most likely be expected from providers
who have built their reputations through other means, such
as advertising, or sheer size and now attempt to protect their
advantageous profile.

7 Conclusions

At a pragmatic level, we showed that our reputation aggre-
gation system is able to counter three hard threat scenarios.
The algorithm highlights the difference between raters with
a high and a low rating variance and is able to shift influ-
ence to the raters with a low rating variance, even if the vast
majority of raters has a high variance. Further, we show
that the model is able to filter out a malicious collective of
raters, even if this group singles out only one provider and is
close to being the majority. The third model demonstrates
how the model can be used to identify unfair behavior on
the part of the providers.

We were able to demonstrate that the rating model is able
find the largest subgroup of raters with the closest agree-
ment and through this to filter out various forms of unde-
sirable rating behavior. Most commonly, we recommend to
set the selectivity weight variablew to the maximum set-
ting that leads to a unique solution (ones that have only one
convergence point). However, it is possible to adapt the
reputation model’s aggressiveness as a selective device to
application-specific demands, which is explained in greater
detail in [8].

The reputation aggregation model is very versatile, and
so has been applied to the academic peer review process.

Chapter 8 in [8] demonstrates on the example of a confer-
ence review, how the model is able to numerically capture
the notion that some reviewers are better at contributing to
consensual review results than others. We show how the re-
view results can be gracefully adjusted to reflect the quality
of the reviewers, without lowering too much the confidence
value of the resulting review scores. This example also dis-
plays the scalability of our reputation model, which is able
to produce useful scores even when applied to a small num-
bers of entities with peculiar characteristics.
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Abstract

In this paper, we consider issues related to scalability and
robustness in designing a market-based multi-agent sys-
tem that allocates bandwidth in a communications network.
Specifically, an empirical evaluation is carried out to assess
the system performance under a variety of design configu-
rations in order to provide an insight into network deploy-
ment issues. This extends our previous work in which we
developed an application that makes use of market-based
software agents that compete in decentralised marketplaces
to buy and sell bandwidth resources. Our new results show
that given a light to moderate network traffic load, parti-
tioning the network into a few regions, each with a separate
market server, gives a higher call success rate than by us-
ing a single market. Moreover, a trade-off in the number
of regions was also noted between the average call success
rate and the number of messages received per market server.
Finally, given the possibility of market failures, we observe
that the average call success rates increase with an increas-
ing number of markets until a maximum is reached.

1. Introduction

Resource allocation is a central problem in effectively man-
aging networks. Specifically, this covers the process by
which network elements try to meet the competing de-
mands that applications have for network resources —
primarily link bandwidth and buffer space in routers or
switches [12]. This is a challenging problem since resources
become scarce when there is a high demand for them. In
this work, we consider a circuit switched meshed network
where nodes communicate with their immediate neighbours

∗The research in this paper is part of the EPSRC funded Mohican
Project (Reference no: GR/R32697/01). We would also like to acknowl-
edge the contribution of Steve Braithwaite who provided us with domain
expertise.

using radio links [11], where by design, they consume as
little power as possible and are targeted for rapid and cost-
efficient deployment in poor countries. Such low power
consumption implies that there is limited bandwidth avail-
able in the network. In this context, we provide an empirical
evaluation of a multi-agent system that allocates end-to-end
(source-to-destination) bandwidth in such communications
networks to set up calls. More specifically, based on our
previous solution [7], in which we developed an applica-
tion using markets, we consider a network which is parti-
tioned into regions, each with a market server, from where
resources are allocated. Using regions and decentralised
markets in this way means that there is no central point of
failure from where all resources are allocated. In more de-
tail, we look at the region scalability in a fixed size network,
as well as robustness where failures are induced in the net-
work. That is, we evaluate how the system performance
changes with varying number of markets. By investigating
these issues, we provide a network designer with an insight
into how such a network can be deployed in practice.

In recent years, market-based approaches have been in-
vestigated and used to solve various problems in areas of
computing, where applications and systems have also suc-
cessfully been developed. Areas in which markets have
been studied include allocating resources in computational
grids [1], development of peer-to-peer systems [14], supply-
chain management [10], scheduling [17], congestion con-
trol [8], routing [6], workflow automation [9] and recom-
mender systems [16], amongst other areas. The solution
that we developed consists of software agents that compete
in a marketplace to buy and sell bandwidth. Our previous
work [7] described the system and indicated the broad feasi-
bility of our approach. Here, buyer agents represent callers
and seller agents represent the owners of the resources. We
decided to base our solution on agents for a number of
reasons. First, their autonomous behaviour allows them
to carry out their tasks in the decentralised control regime
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of distributed marketplaces. Second, the reactive nature
of agents is needed to respond to requests quickly so that
calls within the network can be made with minimum de-
lay. Third, agents have the ability to flexibly interact which
is important in our system because the agents need to bid
against a variety of different opponents in an environment
where the available resources vary dynamically. A market-
based approach was chosen for the following reasons. First,
markets are effective mechanisms for allocating scarce re-
sources in a decentralised fashion [2]. Second, they achieve
this based on the exchange of small amounts of informa-
tion (such as prices). Finally, they provide a natural way
of viewing the resource allocation problem because, gen-
erally speaking, they ensure the individual who values the
resources the most will obtain them.

Our system in [7] was a distributed market mechanism
in which allocations of interrelated resource bundles were
sold in multiple markets. The marketplace protocol incor-
porates a reservation and commitment mechanism that pro-
vides a guarantee that resources will not be bought unnec-
essarily. Now in this paper, we extend our previous work by
analysing the system behaviour after performing scalability
and robustness tests, with respect to increasing the number
of regions in a fixed size network. The remainder of this
paper is structured as follows: the marketplace design and
components are recapped in section 2. The system evalu-
ation and experimental results are presented in section 3.
Section 4 describes related work and, finally, section 5 con-
cludes.

2. Marketplace design

This section describes the design of the system. Specifi-
cally, the basic components and the network model are out-
lined in section 2.1. Section 2.2 describes the constituent
agents and, finally, section 2.3 provides a brief description
of how resources are acquired in a multi-region call.

2.1. Network model

The system consists of three types of agents: seller, buyer
and auctioneer (see figure 1). Seller agents are responsi-
ble for selling node bandwidth capacity resources and buyer
agents are responsible for buying these resources. The auc-
tioneer agents accept asks from seller agents and bids from
buyer agents and conduct auctions so that resources can be
allocated using a market-based protocol. As can be seen in
the figure, the overall network is divided into a number of
regions (3 in this case). Callers are used to initiate calls via
the use of handsets. When a call request takes place, the
destination location to where the caller wishes to make the
call is passed to the buyer agent on the local node. This
agent then starts the process of setting up the call. For each

NETWORK


REGIONS


AGENTS


MARKET SERVER


AUCTIONEER

AGENT


SELLER AGENTS
BUYER AGENT


CALLER

CALLEE


bid
 asks


Allocated

Resources


Handset

Handset


Figure 1. An overview of the system archi-
tecture. Black nodes in regions represent
market servers and grey nodes represent al-
located resources for a particular call from
the caller to the callee.

call attempt, a buyer agent in each required region tries to
reserve a resource bundle (i.e. set of interrelated resources
in a single region) from its local market server. Buyer agents
work together to collectively make a complete source-to-
destination path across the regions using the bundles. If
a resource bundle cannot be obtained, then a backtracking
mechanism is used which allows alternative allocations to
be made if currently reserved bundles cannot lead to the fi-
nal destination.

It is desirable for resources to be bought and sold in the
network from various points and not from a central loca-
tion (since a single server would constitute a central point
of failure). With this in mind, we partitioned the network
into regions where only resources within those regions are
sold (i.e. there are multiple market servers in the network,
one placed in each region). Thus, if we are to look into
the scalability of the number of regions within a fixed size
network (i.e. the region scalability), we must consider how
the network should be divided. Here we regard a network
region as a group of nodes that are situated geographically
close together. In this application, we consider a static net-
work configuration as defined at deployment time. Nodes
on the edge of regions can communicate with other edge
nodes in neighbouring regions. In using local markets, re-
source information does not have to be replicated across all
markets in the network. This is good since the market server
that receives a bid from a buyer does not need to contact all
other markets to make sure that the same resources are not
being sold elsewhere, for each bid placed.

To model the network, each node has a fixed total band-
width capacity that is split logically into several equal parts,
where these are the resources that are bought and sold by
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the market mechanism. These resources are used in relay-
ing several calls at the same time through the nodes. Each
node has a fixed number of handsets attached from where
calls originate. A handset that is currently in use is assumed
to be engaged and, thus, cannot be used for any other calls
at the same time. Our current work assumes that control
capacity is separate from the bandwidth capacity used for
relaying calls. The resources we consider are for calls and
not for control messages. In this work, we do not look into
the usage of control capacity and leave this investigation for
future work. However, in section 3.3, we do look at the
number of messages received per market server, since it is
on these servers that the majority of the processing takes
place for running the auctions.

2.2. The agents and the markets

Auctioneer agents conduct auctions using a combinatorial
reverse auction protocol [15] to allocate goods (units of
node bandwidth) to buyers (i.e. they allocate a combina-
tion of goods that consist of the cheapest possible bundles).
There is one auctioneer agent per region in the network,
each on their respective market server nodes. Auctioneer
agents execute a winner determination protocol that deter-
mines which resources are allocated to which parties, for
each bid submitted.

There are several seller agents per region, one owning
each node, where they each submit an individual ask price
to their local markets. The implication of each seller agent
owning a node is that they can attempt to compete against
each other by pricing their respective resources compet-
itively. To minimise communication in the network, all
seller agents are physically deployed on their local market
server nodes and we assume that, currently, they all use the
same pricing strategy. A seller agent begins with a total of
y resource units initially priced at one price unit each. For
each unit sold, the price increases by one price unit (i.e.
when there is only one resource unit left, it should cost y

price units). Conversely, for each unit reclaimed by a seller,
the price reduces by one price unit.

The initial low price of one price unit is chosen so that
sellers can sell resources more easily to begin with. As de-
mand for resources increases, the price per unit increases so
that buyer agents have to bid more for resources. Given this,
seller agents can maximise their utilities by making as much
profit as possible. They also reduce the price of resources
by one price unit when they have reclaimed the resource so
that they can lure more buyers to purchase resources from
them in the future. This allows seller agents to remain com-
petitive against each other when pricing their resources.

A buyer submits a bid composed of several bundles, of
which only one is required. The winner determination al-
gorithm then attempts to allocate resources by minimising

the amount spent. From these bundles, the cheapest avail-
able one is allocated to the buyer agent. If a buyer agent’s
bid is successful, resources are sold at the asking prices
of the seller agents. There is one buyer agent placed on
each individual node where they await call requests, from
callers, from any point in the network. We assume that all
buyer agents use the same purchasing strategy. Thus, when
a buyer agent receives a request for purchasing node band-
width, it formulates its bid. It attempts to find the cheapest
set of routes that lead from its current node to a destina-
tion node within its own region. Now, in this work, we as-
sume that buyer agents select a set of bundles that minimise
the length of their desired routes. The intuition here is that
the buyer believes shorter routes are generally cheaper since
they contain fewer resources.

We make the assumption that buyer agents are only al-
lowed to submit up to a certain number of bundles for each
bid. The value chosen here must be enough to allow some
flexibility in the bundle that a buyer could be allocated, but
it should not be so high that the market algorithm has to
do significant amounts of unnecessary processing. If the
final destination node is within the same region, that node
is the destination node. The bundles selected by a buyer
agent are sent as a bid to the buyer’s local market. Finally,
if the buyer agent is successful in reserving resources, it is
informed by the local market. Callers are assumed to pay
a fixed amount per region for calls that are successfully es-
tablished where the cost per region is proportional to the
number of resources in the region.

2.3. Acquiring resources across regions

The number of buyer agents required in setting up a call is
the same as the number of regions in which resources are
required for a given call. If the final destination for a call is
in a different region from the one in which a buyer is located
in, then this buyer will attempt to find routes that lead to a
node within its region that is connected to a node in a neigh-
bouring region that leads to the final destination. Then, in
a multi-region call, once a buyer agent has successfully re-
served a bundle of resources, the market server in that re-
gion is responsible for contacting a buyer agent that is on
the edge of the next region. The node on which this second
buyer agent resides must be in reach of the last node in the
bundle of resources that have been reserved in the previous
region. Thus, these boundary nodes will relay the call from
the initiating source node to the final destination node, such
that there is a continuous path when/if the call eventually
takes place.

Figure 2 illustrates part of the reservation process. This
figure shows a buyer agent, b1, which has already success-
fully been allocated a resource bundle (shown by the grey
nodes) by its local market server within its region (region 2
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Figure 2. A market server in region 2 (black
node) contacting a buyer agent, b2, in the fol-
lowing region for setting up a multi-region
call. Grey nodes represent a reserved re-
source bundle for b1 in region 2.

in this case). This market server in region 2 then attempts
to contact another buyer agent, b2, which is on a boundary
node in the following region so that b2 can then bid for a
resource bundle within its own region (region 3). The reser-
vation process continues in each required region until the
final node is reached and the call is set up. In general, the
system algorithm allows buyers to choose which region to
contact next when there is a choice of following regions in
a multi-region call. In such a case, the regional route that
involves the use of the fewest regions for the set up of a call
is preferred (i.e. the shortest regional route).

Once the final destination has been reached, the mar-
ket server in the last region sends a commit message to the
buyer agent within its own region. This buyer agent then
contacts the market server in the previous region which, in
turn, informs its buyer agent and so on, until the initial re-
gion is reached. Eventually, the originating buyer agent re-
ceives the commit message and the call can be placed. Thus,
there is a reservation and commitment process that takes
place in the system, where payment for resources only takes
place during the commit phase once all of the necessary re-
sources have been acquired. When the call has completed,
a message is sent from the initial buyer to its local market
(and to all other markets and buyers involved in this call in
the direction of the final region) to signal that resources can
be released. The markets then resell the resources to buyers
that place bids for them in the future.

The system uses a backtracking mechanism that allows
alternative allocations to be made if currently reserved re-
source bundles cannot lead to the final destination. Thus,
if a buyer agent in an intermediate region fails in reserv-
ing a bundle of resources, it can resubmit another bid to
its local market which contains bundles that lead to another
destination node within its own region (i.e. to a different
boundary node). This continues until a bundle has been re-

served or there are none available. Thus, agents perform
a distributed search for resource bundles. An example of
the backtracking mechanism used to find alternative routes
via different boundary nodes and regions was given in our
previous work [7].

3. Experimental evaluation

This section describes the experimental work that was car-
ried out in evaluating the scalability of the system with re-
spect to increasing number of regions as well as the robust-
ness of the system. Section 3.1 describes the methodol-
ogy and parameters used, while results are outlined in sec-
tions 3.2 to 3.5.

3.1. Experimental methodology and settings

Previously [7], we looked at the initial results of the system
algorithm (i.e. the average call success rate and average
call set up time when compared against optimum and ran-
dom strategies). This provided us with an insight into a fun-
damental measure of the percentage of successful calls and
set up times, respectively, given one particular network set-
ting. However, the aim of our current work is to evaluate the
system in terms of region scalability and robustness. Look-
ing at the former, will give us an understanding of how the
structuring of the network into regions impacts the perfor-
mance for a given network size. Testing for the latter, will
show how well the system performs with market failures.

In more detail, to test for scalability, we measured the
average call success rate when progressively increasing the
number of regions in a fixed size network (see section 3.2).
This was chosen as a measure because it provides a fun-
damental insight into the percentage of calls that are suc-
cessfully established from all calls attempted, with call es-
tablishment being the primary aim of our system. We also
look at the number of messages received per market server
in the network when scaling up the number of regions (de-
scribed in section 3.3). This is also important since this is
where resources are auctioned and thus, where the majority
of processing occurs. Thus, these are two measures that a
network designer would be interested in considering when
deploying a network. By obtaining results from these two
experiments, we then look at the trade-off between the aver-
age call success rate and the number of messages received
per market server in order to find an optimum number of re-
gions in which the network should be partitioned into (see
section 3.4).

Finally, the average call success rate was also measured
for robustness testing, after a market failure was introduced
within the network (described in section 3.5). Again, as
with scalability testing, the average call success rate is an
equally applicable measure to investigate for robustness
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1 REGION
 2 REGIONS
 3 REGIONS


4 REGIONS
 20 REGIONS
10 REGIONS
5 REGIONS


Figure 3. Set of seven tori used where each
consists of an 80-node (20-by-4) network but
is split into a different number of regions.

testing, since looking at the successful establishment of
calls is just as important given a market failure. For the
sake of consistency, we chose to investigate a single market
failure throughout all of the robustness testing in this par-
ticular experiment. Here, we assume that all buyers have
knowledge of the failed market server and, thus, we do not
deal with failure detection. In all experiments discussed in
sections 3.2 to 3.5, the network load was increased by vary-
ing the call origination probability (i.e. the probability of a
call originating from any given unused handset).

For our experiments, several different network set ups
were used. In each set up, the same underlying network
topology was used but it was partitioned into a different
number of regions with a market server in each region (mar-
ket servers are placed manually within a central location in
their regions where there is a high connectivity of neigh-
bouring nodes). Thus, all of the experimental set ups use
an 80-node (20-by-4) network. This was chosen because it
demonstrates a topology which can be partitioned vertically
with ease into several regions such that it is easier to evalu-
ate the system for scalability. For each set up, the network
was wrapped around and shaped into a taurus, as shown in
figure 3. Also, all calls made were unidirectional (i.e. calls
travel in only one direction around the taurus). The combi-
nation of joining the beginning and end of the network to
form a taurus and allowing calls to traverse the network in
one direction ensures fairness in our experiments for two
reasons. Firstly, the number of types of different distance
calls made in any set up are the same. For example, given
the five region set up, there are exactly five different types
of calls that require a single region, five different types that
span across two regions, five types of triple region calls, and
so on. Secondly, by using a taurus, the average load in any
region is the same, since there is no central region through
which any extra calls traverse. This provides an even setting
for testing the system.

The experimental settings we used in this evaluation
were obtained from a domain expert. Specifically, each
experiment was run for a total of 100,000 time steps and
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Figure 4. Average call success rate over the
1 region set up average call success rate, as
the call origination probability is varied.

probed after every 1,000 time steps. The duration of a call
was set to 1,000 time steps. We assume that each node has
2 handsets attached to it and has a total of 10 units of band-
width capacity available, allowing each node to relay up to
10 simultaneous calls at any one time. Calls were made to
originate after every 50 time steps. Buyer agents were al-
lowed to submit bids that contained a choice of 5 bundles
from which an attempt was made to allocate the cheapest
one available. Finally, the number of simulation runs for
each experiment was sufficient for the results to be statisti-
cally significant at the 95% confidence level.

3.2. Average call success rate

The purpose of the first experiment was to investigate the
proportion of calls that could successfully be connected for
each network set up, shown in figure 3, when varying the
call origination probability. (The network is regarded as be-
ing heavily loaded when the call origination probability is
0.2 (20%). This gives a typical network occupancy of 82%).
As can be seen from figure 4, in general, call success rates
are higher when there are fewer regions. (For the sake of
clarity in figure 4, all call success rates are divided by the 1
region call success rate). However, another observation can
be made from figure 4. Given a network load that is light
to average where the call origination probability is below
0.07 (7%), we can see that the 2 region set up gives a higher
call success rate than the single region case of up to 10%
more. Also, when the call origination probability is below
0.04 (4%), the 3 region network set up provides a higher
average call success rate than the 1 region centralised case,
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by about 3% more.
The reason for our observations can be explained as fol-

lows. When the network is light to moderately loaded (i.e.
when the call origination probability is below 0.07), there
are sufficient resources available for setting up a large pro-
portion of the calls. For the multi-region set ups (i.e. when
there are 2 or more regions in the network), resources need
to be acquired across several regions. Here, the search for
resource bundles is exhaustive across boundary nodes in in-
termediate regions — buyers will continue to bid until either
a bundle is found or there are none available, except in the
final region where only a single bid is made to the final des-
tination node. The search for resources in the 1 region set
up is similar to the search that takes place in the final region
of a multi-region call (except that on average, the required
resource bundle is larger in the 1 region case because the
size of the region is larger). Thus, no exhaustive searching
takes place for resource bundles across boundary nodes for
the 1 region case since there is only a single region and,
therefore, if the initial attempt fails, then the call set up is
unsuccessful.

When the call origination probability increases, resource
contention increases for all network set ups (i.e. node band-
width becomes more scarce). For multi-region cases, the
search becomes more exhaustive, where resources are re-
served for longer periods of time, while a call is being set
up. Consequently, this reduces the chance of other calls be-
ing made. This is not an issue with the 1 region network
and therefore, it is only at this point that the single region
network set up begins to perform better than all of the multi-
region network set ups.

3.3. Market server load

Our next experiment investigates the number of messages
received per market server, as the number of regions is
scaled up. There are several different types of messages that
are received by the market servers. These include, buyer
bids, seller asks, commit messages and messages that tell
the market servers to release resources when the resource
usage is complete. We do not differentiate between these,
but rather simply sum them across all market servers and
divide by the number of market servers, for each network
set up, to find the average number of messages received by
each one. Our hypothesis was that there would be a lower
number of messages received by a market server, per simu-
lation run, as the number of network regions increases. This
is important because if market servers receive fewer mes-
sages, the load on a server is less and, therefore, less auction
processing needs to take place.

Figure 5 shows that our hypothesis is true and that when
there are more market servers in the network, on average,
the number of messages received per market server does
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Figure 5. Average number of messages re-
ceived per market server as the call origina-
tion probability is varied.

indeed decrease. Using a 1 region network, with a call orig-
ination probability of 0.1, 136,000 messages are received
by the single market server whereas, in contrast, with 2 re-
gions, there are 97,000 messages per server and with 20 re-
gions, there are just 32,000 messages per server. A similar
pattern is observed at all call origination probability values.
The reason for this result can be explained as follows. As
the number of regions increases, the number of nodes per re-
gion decreases, since the overall size of the network remains
fixed. Since buyers and sellers submit bids and asks re-
spectively, only to their own local market servers, the num-
ber of such messages becomes less per market. Thus, with
more regions, the number of messages received per mar-
ket is less (i.e. the load is distributed more amongst market
servers, which is desirable, since less processing is required
per server).

Whilst the total number of messages received by all mar-
ket servers in each network set up is higher with an increas-
ing number of regions, this sum of messages does not in-
crease by a disproportionate amount when, say, the num-
ber of regions doubles. For example, at a call origination
probability of 0.04, there is only a 35% increase in the to-
tal number of messages received by all market servers from
the 5 region network set up to the 10 region case. Also, at
a lower call origination probability of 0.01, there is only an
8% increase in the total number of messages from the sin-
gle region case to the 2 region network set up. However,
it still remains the case that the average load per market
server decreases with increasing number of regions and this
is a useful result, since it is the processing per market server
that we wish to minimise.
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Figure 6. Optimum number of regions, as call origination probability and weight value for A are varied.

3.4. Optimum number of network regions

Our result from figure 4 shows that, given specific call orig-
ination probabilities, the average call success rate is gener-
ally higher when the network is partitioned into a smaller
number of regions. Alternatively, figure 5 showed that the
number of messages received per market server decreases
per market when there are more regions in the network. Re-
ceiving less messages is better because fewer auctions need
to take place and this, therefore, requires less processing
power and fewer input buffers. Thus, figure 4 (average call
success rate), shows that less regions is better and figure 5
(messages received per market server), indicates that more
regions gives a better performance.

Given these results, we would like to find the trade-off
between the average call success rate and the number of
messages received per market server. Our motivation is to
help engineers in deploying such a network to find an opti-
mum number of regions in which to partition the network.
In order to achieve this, we first normalise the y-axis on
both figures 4 and 5 so that they both range between 0 and
1, where we consider these as the utilities for each measure-
ment. (In the case of figure 5, we subtract each normalised
value from 1 to obtain the utility values, since receiving
fewer messages per market server should give a higher util-
ity). Then, for each of the network set ups and varying call
origination probabilities, we consider the overall utility de-
fined as the weighted sum of the utilities of the average call
success rate and the number of messages received per mar-
ket server: A × u(c) + B × u(m) such that u(c) is the util-
ity of the average call success rate with weight A, u(m) is
the utility of the number of messages received per market

server with weight B and where A + B = 1. The values
for A and B reflect the importance that a network designer
would assign to the two different measures. Figure 6 shows
a 3-dimensional surface plot where the optimum number
of regions is plotted against the call origination probability
with varying values of weights A and B. For the sake of
clarity, two different views are shown of the same plot in
figure 6. Several observations can be made from this figure.

When the network designer believes that receiving fewer
messages per market server is more important than the av-
erage call success rate in the system (i.e. when B > A),
the optimum number of regions to deploy is 20, across all
call origination probabilities. This observation can be ex-
plained by the fact that a lower value for A means more im-
portance is given to the number of messages received per
market server, where the utility is higher when there are
more regions.

When the network designer gives an equal importance to
the average call success rate in the system and to receiving
fewer messages per market server (i.e. when A = B = 0.5),
the optimum number of regions that should be deployed de-
creases from 20 to 10, 3, 10 and then back to 20, given call
origination probabilities of 0.01, 0.02, 0.04, 0.08 and 0.1,
respectively. Thus, a minimum is seen across the optimum
set of regions when A is 0.5. A similar pattern is observed
when the importance given to average call success rate in-
creases, thereby preserving the minimum. When a higher
weighting is given to the average call success rate, the opti-
mum number of regions drops further. The reason for this is
that with intermediate call origination probabilities between
0.02 and 0.08, the difference in the average call success
rates begins to widen with an increasing number of regions.
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Figure 7. Average call success rate over the
20 region set up average call success rate, as
the call origination probability is varied and
where there is a single market failure.

This is also shown in figure 4 where the largest change in
average call success rate occurs between these values of
call origination probability. Thus, it becomes more evident
that the fewer regions there are, the higher the average call
success rate. In addition to this, because there is a higher
weight value for A than there is for B, the optimum number
of regions to deploy begins to decrease.

Finally, when exclusive importance is given by the net-
work designer to the average call success rate (i.e. when A
= 1 and B = 0), deploying a single region gives the best over-
all performance at all call origination probabilities except at
0.07 or below, where the 2 region network set up is best.
Figure 6 shows that at these call origination probabilities,
there is a maximum when the 2 region network provides the
optimum solution. (Section 3.2 provided an explanation for
why the 2 region network gave a higher average call success
rate at these call origination probabilities).

3.5. Average call success rate with failures

The purpose of our final experiment was to investigate how
a single market failure in the network can affect the aver-
age call success rate when the number of regions is scaled
up. Our hypothesis was that the average call success rate
would be higher as the number of regions is scaled up, for
any value of call origination probability. Figure 7 shows
that this was indeed the case when the number of regions
was increased between 2 and 10 regions. (For the sake of
clarity in figure 7, all call success rates are divided by the
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Figure 8. Average call success rate for differ-
ent distance calls for the 10 region network,
with and without a single market failure, as
the call origination probability is varied.

20 region call success rate). In the 1 region set up, there are
no calls set up since there is no market server functioning.
As the number of regions is scaled up between 2 and 10,
the average call success rates increase, albeit at a progres-
sively lower rate (i.e. the difference in the average call suc-
cess rates between the 5 and 10 region set ups is very close
when the call origination probability exceeds 0.12). When
doubling the number of regions from 10 to 20, given a call
origination probability below 0.06, the average call success
rate increases. However, when the call origination probabil-
ity exceeds 0.06, the call success rate decreases from the 10
region set up to the 20 region set up. As a result of this, a
maximum can be seen between 5 and 10 regions (as shown
in figure 7).

These results can be explained by the following. When
the number of regions increases and there is a single mar-
ket server failure, the maximum percentage of calls that can
take place increases, but at a progressively lower rate. For
example, with a 2 region set up, up to 25% of calls can take
place when there is a market server failure, a maximum of
40% of calls can take place with 5 regions and 45% with 10
regions. Thus, there is a steady increase in the call success
rates between 2 to 10 regions, with the difference between 5
and 10 regions being marginal. This shows that the impact
on the performance is affected more, with a market failure,
when there are fewer regions in the first instance. However,
in the 20 region case, even though a maximum of 47.5% of
calls can be made, the 10 region case performs better be-
cause contention for resources increases more in the 20 re-
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gion set up than in the 10 region case. Thus, given that there
is a maximum between the 5 and 10 region set ups, a net-
work designer should ideally deploy a network which has
between 5 and 10 regions if a market failure is anticipated.

During our investigation, we also discovered an addi-
tional result when looking at the 10 and 20 region set ups,
in the absence and presence of failures. For the 10 and 20
region set ups, we found that the overall call success rate
is marginally higher with a failure than when there is no
failure. This can be explained by means of figure 8, which
shows calls of different distances in the network for the 10
region set up, with and without failures. Short distance calls
span across 1 and 3 regions, intermediate calls between 4
and 7 regions and long distance calls cover 8 to 10 regions.
The percentage of long distance calls for the failure case is
less than without failures because the number of these calls
is restricted more in the failure case (i.e. when there is a sin-
gle failure, no calls which span across all 10 regions can be
made, for example). Thus, there are more resources avail-
able in the network for shorter distance calls to be more suc-
cessful and indeed, figure 8 shows that the success rate of
such calls is greater for the failure case beyond a call origi-
nation probability of 0.03. Finally, figure 8 also shows that
the number of intermediate distance calls are approximately
the same when the call origination probability exceeds 0.08.

4. Related work

There are several market-based architectures that have been
proposed for allocating resources in a distributed environ-
ment. Gibney and Jennings [5] describe a system in which
agents compete for network resources in distributed mar-
kets so that calls can be routed in a telecommunications
network. The system used a double auction protocol [18]
with sealed bids and provided good utilisation of the net-
work where the load was also balanced. However, a draw-
back of this system was that if some resources on a path
were already bought and the next desired resource could
not be obtained, then the resources already bought could be-
come redundant and money would be spent unnecessarily.
In contrast, our reserve/commit mechanism ensures that this
situation is avoided by releasing unused resources immedi-
ately and allowing payment to occur only after all necessary
resources have been successfully reserved.

The Global Electronic Market System (GEM) [13] is a
framework for decentralised markets across the Internet.
GEM has a single market which is distributed on which
goods are sold. In GEM, the markets are replicated and the
order for goods is distributed across these markets. Looking
at GEM provided an insight into one method of how servers
in a market-based resource allocation system could be dis-
tributed. However, the approach taken by GEM of replicat-
ing the resource information is not suitable for our system

because it would induce more messages in the network than
our partitioned approach (as was outlined in section 2.1).

MIDAS [3] is an auction-based mechanism that allocates
link bandwidth in a network for making paths. Simultane-
ous multi-unit Dutch auctions were used as the protocol for
allocating resources. This protocol would be inadequate for
our requirements since it is not capable of allocating several
interrelated goods at the same time.

Finally, Ezhilchelvan and Morgan [4] have looked at how
an auction system can be distributed across several servers
in a network of servers. However, their approach assumes
that communication takes place using a high-bandwidth net-
work which is an assumption that does not hold within our
work.

5. Conclusions and future work

In this paper, a system was described that allocates end-to-
end bandwidth to set up calls in a network using market-
based agents. The system used a combinatorial reverse auc-
tion where bundles of interrelated resources were allocated.
Scalability testing was performed with respect to increasing
the number of regions in a fixed sized network. In con-
clusion, results show that if light to average network loads
are anticipated, then the network designer should consider
deploying a decentralised approach with a few number of
regions (i.e. 2 or 3 regions) rather than opting for a com-
pletely centralised system with a single market. We also
see that the average number of messages received per mar-
ket server is less as the number of regions is scaled up, and
thus, allowing the processing of bids and the message load
to be distributed better amongst the market servers when
there are more of them.

In addition, we found the trade-off between the average
call success rate and the number of messages received per
market server, with respect to the optimum number of re-
gions in which the network should be partitioned. Results
showed that if the network designer assigns a higher prior-
ity to receiving fewer messages per market server than the
average call success rate in the system, then the optimum
number of regions to deploy is higher, at all values of call
origination probability. When the level of importance for
the average call success rate and the number of messages
received per market server are considered to be the same by
the designer, the optimum number of regions to deploy de-
creases progressively, at intermediate call origination prob-
abilities. If a network designer wishes to associate a greater
importance to the average call success rate than the number
of messages received per market server, the general trend
that shows this minimum continues.

Robustness testing was also performed by inducing a sin-
gle market server failure. This showed that the call success
rate was higher as the number of regions increased until a
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maximum was reached between 5 and 10 regions, beyond
which the call success rate decreased. Therefore, if it is en-
visaged that a market server failure is likely to occur, then
the network designer should consider deploying a network
which has between 5 and 10 regions. Finally, during the
course of our investigations, we also found that the aver-
age call success rate is slightly higher given a single market
failure than when there is no market server failure in the net-
work at all. This was explained by the fact that more longer
distance calls were restricted in the failure case, thereby al-
lowing many other shorter distance calls to take place with
the remaining resources.

There are several investigations that we would like to
look into for future work. Firstly, we aim to perform fur-
ther scalability tests but using networks with various differ-
ent topologies. Currently, we are investigating the use of
other network topologies where it is envisaged that this will
provide an insight into how well the system scales, in terms
of regions, given these different topologies. Secondly, we
plan to look at more robustness tests by introducing multi-
ple market failures in the network to see what additional af-
fect this has on the call success rate. We will also investigate
the amount of control capacity used on the nodes in the net-
work, since this will also be in contention. Performing such
an investigation would provide a network designer with in-
sight into how much control capacity nodes in the network
should with deployed with in the first instance. Thirdly,
we aim to impose a restriction on the number of messages
that a market server can receive and process within a given
amount of time. The purpose of this will be to see how well
the system performs, with varying number of markets, when
such a limit is imposed. Finally, we would also like to look
into issues related to resource pricing in more detail in order
to investigate the gains made by buyer and seller agents as
a result of calls being set up.
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Abstract

Pricing telecommunication networks has become a topic
of high interest in order to deal with the increasing num-
ber of subscribers as well as more and more demanding
applications. Users’ behavior (or preferences) is usually
represented by means of the so-called utility function, butin
most cases this function expresses the instantaneous level
of satisfaction for the quality of service provided. In this
paper, we aim at extending a previous work on auctions
for bandwidth to the case where users (or applications) are
sensitive to the history of their previous allocations. We
introduce a mechanism which takes bids in the form of a fi-
nite set of three-(or more)-dimensional points, indicating
the bidders willingness to pay for a given quantity, con-
tingent on a given history of allocations or prices to the
bidder. Bids are partial representations of continuous util-
ity surfaces. The mechanism computes prices and alloca-
tions that are approximately (within specified bounds) and
myopically incentive compatible and approximately (within
specified bounds) and myopically efficient. The results are
approximate because we use piecewise linear approxima-
tions of the unknown true continuous utility functions. This
extension also includes a refinement of the scheme previ-
ously published by providing a closer approximation of real
user demand functions.

1 Introduction

During the last decade, the Internet has suffered from
congestion due to an exponentially increasing number of
subscribers, while capacity did not increase in the same
way. At the same time, applications have become increas-
ingly bandwidth and quality of service (QoS) demanding.
Many solutions have been proposed to cope with conges-
tion, but a natural one is to introduce pricing schemes to

control demand: if prices increase, demand decreases, and
conversely. Although many people argue that pricing is not
likely to be implemented thanks to the use of optical fiber
so that capacity will still be far away from demand, this
does not seem to be the case for wireless networks, where
available frequencies are limited, as well as for many access
networks, where switching from traditional copper lines to
optical fiber would be very expensive (this is traditionally
called the last mile problem [2]).

Pricing is thus the subject of a large literature; the reader
is advised to look at [7, 9, 12, 22] and the references therein
for overviews on the range of methods that have been de-
velopped so far. We deal here with auction schemes for
bandwidth. Auctions have been first used in thesmart mar-
ket proposal [14] at the packet level in such a way that
packets with the highest bid are served as far as capac-
ity is not exceeded, and the remaining ones are discarded.
The per-packet price almost follows the second-price princi-
ple: each admitted packets is charged the lowest bid among
all admitted packets. In order to alleviate the per-packet
management, progressive second price (PSP) auctions have
been developped [13]. In that scheme, users submit two-
dimensional bids composed of the amount of bandwidth
asked, and the unit price for it. Users with the highest unit
price are allocated the desired quantity. The scheme is stud-
ied using the framework ofgame theory[10] : the game
is played until a Nash equilibrium is reached, meaning that
no user (or player) has an incentive to deviate from his cur-
rent allocation. Here again, charges obey the second price
principle. Incentive compatibility (users’ interest is tode-
clare their real valuation of bandwidth), individual rational-
ity (users will always gain by entering the game) and effi-
ciency (the social welfare of the resulting allocation is max-
imized) are proved to be verified. Nevertheless, that scheme
(still) presents the drawbacks of requiring a convergence
phase (meaning a loss of steady state efficiency, especially
if players leave the game or new ones enter [15]), and it also
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requires that the bid profile (the list of users’ bids) be broad-
casted to all players at each step, resulting in signalization
overhead. Moreover, the properties of the scheme in terms
of incentives and efficiency rely on the strong assumption
that users are short-sighted, i.e. they do not take into ac-
count the convergence phase of the auction game [16]. To
cope with those problems, the authors have developped the
so-called multi-bid scheme where players submit a set of
two-dimensional bids for once when they enter the game
[17], meaning that they do notneedto send new bids after-
wards. Allocations and charges are then immediately com-
puted. It is thus a one-shot scheme where players do not
need to know the bid profile before submitting. Again, in-
centive compatibility, individual rationality and efficiency
are proved to be verified. Note that other auction schemes
exist in the literature, but we do not describe them here for
sake of conciseness [1, 3, 5, 6, 19, 20, 21].

In all those pricing schemes, the user behavior is mod-
eled by the so-called utility function, representing users’
preferences. This function may depend on various QoS
measures, but the obtained throughput or allocated band-
width is often the measure of interest. In all the previously
presented pricing schemes, the utility function depends on
the instantaneous allocation, and is therefore independent
of the allocations a player obtained previously. However,
we can easily imagine applications for which the utility of
getting a given amount of bandwidth depends on what was
previously obtained: for instance, it is the case of applica-
tions targeting a given average bandwidth.

Our goal is thus to extend the work on multi-bid auc-
tions to the case of history-dependent valuation functions.
We additionally provide a refinement of the results in [17]
by using a better approximation of real valuation func-
tions, resulting in improved error bounds. This work has
been inspired in part by ATHENA [8] where a history-
dependent utility function has been developped. Never-
theless, ATHENA considers only users with strict require-
ments, whereas we consider here elastic users, and it does
not include the analytical results in terms of incentives or
efficiency for instance that are provided here.

This paper is organized as follows. In Section 2 we
present the modeling of history-dependent utility functions
and discuss its practical validity. Section 3 presents the
multi-bid scheme applied to this model. This can be seen
as a generalization of the work on multi-bids in [17] where
it is applied only to history-independent utility functions,
with tighter bounds thanks to a modification of the alloca-
tion procedure. Section 4 then describes the properties ver-
ified by the scheme, that are individual rationality, (condi-
tional) incentive compatibility and (conditional) efficiency.
Note that those inter-temporal results are independent of fu-
ture allocations. This is typically justified when connection
durations are random and unknown, and may end at any

time. The consequences of the three aforementioned prop-
erties in terms of user behavior and efficiency/complexity
trade-off are investigated in Section 5. Section 7 gives our
conclusions and directions for future work.

2 A history-dependent model to represent
users’ preferences

We describe here the mathematical representation we
will consider to take into account the fact that the utility
of a user at a given time is a function not only of her current
allocation and charge, but also of what happened from her
arrival in the network.

Time is divided into slots: allocations and prices cannot
change within a time slot, which implies that slots are short
enough to prevent a user entering the game from waiting
too long before her request be treated, and long enough to
allow synchronization among the different parts of the auc-
tion game and control computational complexity.

We assume that utility functions are quasi-linear, which
means that for a useri whose resource allocation and charge
at a given time slott are respectivelyai,t andci,t, the utility
Ui,t is the difference between what useri thinks the resource
ai,t is worth to her (her willingness-to-pay) and the priceci,t

she is charged.
In this paper, we assume that a user willingness-to-pay

for the resource at a given time slot may depend on her pre-
vious allocation and/or charges. Formally, the utility of a
useri at timet is

Ui,t = θi(ai,t, f(Xi,t−1)) − ci,t, (1)

whereθi is useri’s valuation (or willingness-to-pay) func-
tion, Xi,t−1 is the history of useri’s allocations and costs
starting from her arrival until time slott − 1, andf is a
function that represents what criteria useri is sensitive to.
Following are examples of such criteria.

• f(Xi,t−1) = ∅: this is the case when the user is only
sensitive to her current allocation and price. This (sim-
ple) model was considered in [13, 17].

• f(Xi,t−1) = ai,t−1: the bandwidth allocated in the
previous slots. This case may correspond to a user that
is sensitive to the “continuity” of her allocation. For
example, consider a user whose target is to experience
a certain average throughput. Then this user will val-
uate more the resource at timet if she did not obtain
enough at the previous time slot:θi in this case is non-
increasing in its second argument.

• f(Xi,t−1) = (
∑t−1

k=t0
i
ai,k,

∑t−1
k=t0

i
ci,k), wheret0i is

the time slot when useri entered the game: here the
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user is sensitive to the cumulated resource she has ob-
tained and the total charge she has paid until the cur-
rent slot. This model can apply for example to users
downloading a file:

∑t−1
k=t0

i
ai,k is proportional to the

amount of data that useri has downloaded from the be-
ginning of her connection, and she may valuate more
or less the resource depending on the amount of data
that remains to be transfered, and on the amount of
money she has spent.

In this paper, we will treat the case whenf(Xi,t−1) is
one-dimensional, because it is more intuitive and enables
graphical interpretations. However, all next definitions and
properties also hold whenf(Xi,t−1) has several dimen-
sions. Consequently, the utility experienced by a useri dur-
ing time slot t depends on three parameters, that are her
current allocationai,t, the price she is chargedci,t, and the
value off(Xi,t−1) that we call thehistory-relevant crite-
rion for useri. To simplify the notations, we will noteξi

the value of the history-relevant criterion for a useri at the
current time slot, andΞi the set of possible values ofξi.

We assume that users have elastic demand, that is to
say their valuation function satifies some regularity assump-
tions. Moreover, we assume that the dependency ofθi on
the history-relevant criterion is monotone1. Those proper-
ties are summarized in Assumption A.

Assumption A ∀i ∈ I,

• ∀ξi ∈ Ξi, θi(0, ξi) = 0 andθi(·, ξi) is non-decreasing,

• ∀ξi ∈ Ξi, θi(·, ξi) is concave.

• ∀q ∈ R
+, θi(q, ·) is a monotone function overΞi.

Such valuation functions are displayed in Figure 1 in the
case whenf(Xi,t−1) = ai,t−1. In the following,θ′i,ξ will

denote the partial derivative∂θi(q,ξ)
∂q

with respect to the first
argumentq, i.e. the marginal valuation conditionally on the
past.

3 Multi-bid auctions to compute allocations
at each time slot

In this section, we describe how the definition of the
multi-bid auction scheme introduced in [17] can be ex-
tended to take into account the time dependency of users’
valuation in the history. The mechanism we suggest here
implies that at her arrival in the game, each useri submits a
certain numberMi of 3-dimensional bids2 of the form

si
∆
= {(qm

i , ξm
i , ρm

i ), 1 ≤ m ≤ Mi} , (2)

1whenf(Xi,t−1) is a K-dimensional vector, then we needθi to be
monotone in each of itsK components.

2In the general case wheref(Xi,t−1) is aK-dimensional vector, then
eachsm

i
should be of dimensionK + 2.
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Figure 1. Valuation (top) and marginal val-
uation (bottom) functions for three types of
users: indifferent to the history-relevant cri-
terion (left), increasing (center)and decreasing
(right) in that criterion.

that are interpreted as follows: a user submitting such a bid
declares she is willing to payρm

i ≥ 0 to obtain an allo-
cationqm

i > 0 at the current time slot, if the value of her
history-relevant criterion isξm

i . The setsi = (sm
i )1≤m≤Mi

is called themulti-bid submitted by useri. Remark that the
scheme we define here is a one-shot scheme, in the sense
that a user does not modify her bid once entered the auction
game: the multi-bidsi will be taken into account by the
mechanism until the departure of useri whatever the modi-
fications in the network conditions. A user is also asked the
sense of variation of her valuation function in the history-
relevant criterion; whenf(Xi,t−1) is one-dimensional, one
bit added to the multi-bidsi is sufficient to specify whether
θi(q, ·) is increasing or decreasing for allq.

Definition 1 We say that useri bids truthfully, or submits a
truthful multi-bid, if

• all points(qm
i , ξm

i , ρm
i ), 1 ≤ m ≤ Mi are on her val-

uation function curve, i.e.ρm
i = θi(q

m
i , ξm

i ) for all
m,

• useri reveals her true sense of variation in the history-
relevant criterion.

At time slott, we denoteIt the set of users that are in the
game: this set may change over time, as users may enter and
leave the network (like connections starting and ending).
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At a given time slott, the auctioneer will then compute
an allocationai,t and a price to payci,t for each useri
present in the game, based on the submitted multi-bids, and
taking into account the history of the game through the com-
putation of the history-relevant criterionf(Xi,t−1) of each
user.

3.1 Reserve price

We assume that the seller sets a reserve unit pricep0 un-
der which she prefers not to sell the resource. For this to be
taken into account by the mechanism, the seller (who will
be denoted as player0) may be seen as a player submitting a
bid s0 = (q0, q0p0) (with M0 = 1), whereq0 > Q. Remark
that if we want that bid to have the same form as the multi-
bids submitted by the users, then every multi-bid of the form
(q0, ξ0, q0p0), where the seller declares she is indifferent to
the history-relevant criterion, is appropriate. In this paper,

we will denoteI0
t

∆
= It ∪ {0} the set of all users present at

time slott (including the seller), andst
∆
= (si)i∈It

the set
of all competing multi-bids, that we will call themulti-bid
profile at timet. Throughout the paper, fori ∈ I0

t , we de-

notest,−i
∆
= (sj)j∈I0

t \{i} the multi-bid profile without user
i.

3.2 Conditional multi-bid depending on
the history

When users’ valuation functions are independent of the
history (which is the case treated in [17]), the multi-bid of
each useri is a set of two-dimensional bids from which
the functions used to compute allocations and prices are de-
fined. We describe here how the mechanism extracts a set
of 2-dimensional points from the multi-bidsi and a given
valueξi of the history-relevant criterionf(Xi,t−1). This set
of 2-dimensional points, that we call theconditional multi-
bid and denotesi,ξi

, is computed as follows from the 3-
dimensional bids:

• if useri declared thatθi(q, ·) is anincreasingfunction
for all givenq, the conditional multi-bid corresponding
to the history-relevant criterionξi is

si,ξi

∆
= {(qm

i , ρm
i ) : ξm

i ≤ ξi}; (3)

• if user i declared thatθi(q, ·) is decreasing for all
givenq, the conditional multi-bid corresponding to the
history-relevant criterionξi is

si,ξi

∆
= {(qm

i , ρm
i ) : ξm

i ≥ ξi}. (4)

Therefore only bids with history criterion under/aboveξi,
depending on the form of monotonicity, are considered by

just skipping theξm
i values. The conditional multi-bidsi,ξi

is designed in a way that each pair(q, ρ) ∈ si,ξi
is inter-

preted as meaning that at the current time slot, useri is
willing to pay less thanρ to obtainq units of resource be-
cause her history-relevant criterion has valueξi. Figure 2
illustrates the conditional multi-bidsi,ξi

for a truthful bid-
der whose valuation functionθi(q, ·) is decreasing for all
fixed q.

If player i declared she is indifferent to the history-
relevant criterion, then the mechanism simply ignores the

ξm
i in the bids, and takessi,ξi

∆
= {(qm

i , ρm
i ) : 1 ≤ m ≤

Mi} as in [17].
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Figure 2. Valuation function and a truthful
multi-bid submitted by a user (left), condi-
tional multi-bid si,ξi

for a given value ξi of the
history-relevant criterion. The bids from si

that appear in si,ξi
are s2

i , s
3
i , s

5
i and s7

i . On the
right are the conditional pseudo-valuation
function θ̄i,ξi

(top-right), and associated con-
ditional pseudo-demand function d̄i,ξi

(bottom-
right) as described in Section 3.3.

3.3 Allocation rule

We now describe how allocations are computed at each
time slott. The mechanism works as follows:

a) the valueξi of the history-relevant criterion is calcu-
lated for each playeri, and the conditional multi-bid
si,ξi

is derived fromsi andξi, as described in subsec-
tion 3.2.

b) The auctioneer then computes aconditional pseudo-
valuation functionfor each playeri:

Definition 2 At a given time slot, theconditional
pseudo-valuation functionfor a useri, who submitted
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the multi-bidsi and whose history-relevant criterion
equalsξi is the functionθ̄i,ξi

: R
+ → R

+, defined
as thelowest positive and concave functionsuch that
θ̄i,ξi

(q) ≥ ρ for all pair (q, ρ) ∈ si,ξi
.

The conditional pseudo-valuation function is displayed
in Figure 2 for a given value ofξi(t). The goal is
to obtain an approximation of the true valuation func-
tion from the multi-bid points. The valuation function
θi being concave in its first argument, the conditional
pseudo-valuation function̄θi,ξi

associated with a truth-
ful multi-bid is such that

∀ξi, ,∀q ≥ 0 θ̄i,ξi
(q) ≤ θi(q, ξi). (5)

c) From the conditional pseudo-valuation function,
which is left-differentiale, we compute theconditional
pseudo-marginal valuation function, denoted bȳθ′i,ξi

,
as the left derivative function of̄θi,ξi

. Sinceθ̄′i,ξi
(q)

is not defined atq = 0, we defineθ̄′i,ξi
(0) as the right

limit of θ̄′i,ξi
at 0 (which exists sincēθi,ξi

is piecewise
linear), so that̄θ′i,ξi

is continuous at0.

d) Then aconditional pseudo-demand function̄di,ξi
is

computed for each user:

∀p ∈ R
+ d̄i,ξi

(p)
∆
= sup{q : θ̄′i,ξi

(q) ≥ p}, (6)

with the conventionsup ∅ ∆
= 0. d̄i,ξi

may also be de-
fined as the largest quantityq of resource that maxi-
mizesθ̄i,ξi

(q) − pq, i.e. the quantity that a user with
valuation function̄θi,ξi

would buy to optimize her util-
ity if the resource were sold at a fixed unit pricep. Like
the conditional pseudo-marginal valuation, the condi-
tional pseudo-demand function̄di,ξi

is stair-step, left-
continuous, positive and non-increasing.

Those functions are different from the ones initially
published in [17] where users were asked to declare
their marginal valuation in their multi-bid. This new
choice allows to get a closer approximation of the val-
uation and demand functions, while keeping the prop-
erties proved in [17], yielding a reduced gap with re-
spect to the optimal values. Indeed, the new choice
computes a concave function for the pseudo-valuation
function that better approaches the actual one than the
stair-step function in [17].

e) Based on all conditional pseudo-demand functions of
the users present in the gameθ̄i,ξi

, i ∈ It, allocations
are determined (using the same rule as in [17]): the
aggregated conditional pseudo-demand functiond̄ξ is
computed:

d̄ξ
∆
=

∑

i∈I0
t

d̄i,ξi
. (7)

Then the pseudo-market clearing price corresponding
to d̄ξ is defined as

ūt
∆
= sup{p : d̄ξ(p) > Q}, (8)

and the total capacityQ is shared among flows accord-
ing to their conditional pseudo-demand functions: the
allocationai,t(st) for a useri ∈ I0

t can be written

ai,t(st)
∆
= d̄i,ξi

(ū+
t )+

d̄i,ξi
(ūt) − d̄i,ξi

(ū+
t )

d̄ξ(ūt) − d̄ξ(ū
+
t )

(Q−d̄ξ(ū
+
t )),

(9)
where, for every functionf , f(x+) denotes the right
limit at x (which exists here since conditional pseudo-
demand functions are stair-step). The first term of
the allocation (9) corresponds to the quantity player
i asks at the lowest pricēu+

t for which supply ex-
cesses pseudo-demand. The second term is strictly
positive if all the resource is not allocated atū+

t ,
the surplusQ − d̄ξ(ū

+
t ) being shared among players

who submitted a bid at pricēu, with weights propor-
tional to the “hops” of the pseudo-demand functions
d̄i,ξi

(ūt) − d̄i,ξi
(ū+

t ).

Let us now introduce some remarks that will be helpful
in the proofs of properties. Sincēθ′i,ξi

is left-continuous,
the sup in (6) is amax when{q : θ̄′i,ξi

(q) ≥ p} 6= ∅, i.e.
whenp ≤ θ̄′i,ξi

(0). It implies that

p ≤ θ̄′i,ξi
(0) ⇒ θ̄′i,ξi

(d̄i,ξi
(p)) ≥ p. (10)

Moreover,

∀p ∈ R
+ d̄i,ξi

(p+
) = sup{q : θ̄′i,ξi

(q) > p}, (11)

(still usingsup ∅ = 0). Therefore

∀p ∈ R
+, θ̄′i,ξi

(d̄i,ξi
(p+

)
+
) ≤ p, (12)

since if it were not the case then there would exist aq >

d̄i,ξi
(p+) such thatθ̄′i,ξi

(q) > p, which would contradict
(11). Equation (12) also holds forp ≥ θ̄′i,ξi

(0).

3.4 Pricing rule

The priceci,t each useri ∈ It is charged at time slott is
computed according to the multi-bid pricing rule defined in
[17], based on the conditional pseudo-valuation functions:

ci,t(st)
∆
=

∑

j 6=i

θ̄j,ξj
(aj,t(st,−i)) − θ̄j,ξj

(aj,t(st)), (13)

where ai,t(st,−j) is the allocation that the mechanism
would have given to useri at time slott if player j had just
leaved the game, i.e. if the bid profile at timet had been
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st,−i. This pricing rule, inspired by the Vickrey-Clarke-
Groves pricing rule [4, 11, 23], can be interpreted as an
“exclusion-compensation” principle: at time slott, each
user pays for the loss of valuation she imposed on the others
by staying in the game.

4 Properties of the scheme

We prove in this section that the auction scheme de-
scribed above verifies three important properties (at leastup
to pre-determined constants): (conditional) incentive com-
patibility which states that users’ best interest is to truthfully
declare their valuations, individual rationality which states
that entering the game will never yields a negative utility,
and (conditional) efficiency, stating that the resulting allo-
cation is the one providing the highest social welfare (that
is the sum of valuations of users, auctioneer included).

Before proving those three properties, let us prove a
lemma stating that the auction mechanism allocation maxi-
mizes the declared “pseudo-social welfare”, i.e. the sum of
pseudo-valuations of all users, at each time slott, given the

history of allocations. Defineat(st)
∆
= (ai,t(st))i∈It

as the
vector of allocations at time slott.

Lemma 1 The multi-bid allocationat(st) maximizes the
sum of the pseudo-valuations of all users (including the
seller) under the capacity constraint:

∀st, at(st) ∈ arg max
ã∈At

∑

i∈It

θ̄i,ξi
(ãi) (14)

whereAt
∆
= {ã = (ãi)i∈I0

t
∈ [0, Q]|I

0
t | :

∑

i∈I0
t
ãi ≤ Q}.

Proof: We start by showing that for every multi-bid
profilest, i ∈ It andy ∈ R

+, we have

θ̄i,ξi
(ai,t(st)) − θ̄i,ξi

(y) ≥ ūt(ai,t(st) − y), (15)

whereūt is the pseudo-market clearing price computed in
(8).

• if y < ai,t(st), then

θ̄i,ξi
(ai,t(st)) − θ̄i,ξi

(y)

≥ θ̄′i,ξi
(ai,t(st))

︸ ︷︷ ︸

≥θ̄′

i,ξi
(d̄i,ξi

(ūt))

(ai,t(st) − y)
︸ ︷︷ ︸

≥0

≥ ūt(ai,t(st) − y),

where (10) is applied, holding because0 ≤ y <

ai,t(st) by hypothesis (thus̄di,ξi
(ūt) ≥ ai,t(st) > 0

and consequentlȳut ≤ θ̄′i,ξi
(0)).

• If y ≥ ai,t(st), then

θ̄i,ξi
(y) − θ̄i,ξi

(ai,t(st))

=

∫ y

ai,t(st)

θ̄′i,ξi

≤ θ̄′i,ξi
(ai,t(st)

+
)

︸ ︷︷ ︸

≤θ̄′

i,ξi
(d̄i,ξi

(ū+

t )
+
)

(y − ai,t(st))
︸ ︷︷ ︸

≥0

≤ ūt(y − ai,t(st)),

by using (12).

Therefore (15) holds, and Lemma 1 immediately follows:
if we denote bỹa another allocation vector satisfying the
capacity constraint, we have

∑

i∈I0
t

θ̄i,ξi
(ai,t(st)) −

∑

i∈I0
t

θ̄i,ξi
(ãi,t)

≥ ūt

( ∑

i∈I0
t

ai,t(st)

︸ ︷︷ ︸

=Q

−
∑

i∈I0
t

ãi,t

︸ ︷︷ ︸

≤Q

)

≥ 0.

4.1 Incentive compatibility

This subsection aims at studying an important notion
called incentive compatibility. It states that a selfish user’s
best interest reacting to the auction scheme we have defined
in the previous section, in order to optimize her utility, is
to play truthfully by declaring her valuation of bandwidth,
whatever the bids submitted by the other players be. In-
deed, we are going to prove that at each time slott, in the
worst case, a truthful user is ensured that the gap between
the utility brought by the multi-bid she submitted and the
maximum utility that she could have obtained by bidding
differently is less thanmaxq∈[0,Q] θi(q, ξi)−θ̄i,ξi

(q), where
ξi = f(Xi,t−1).

Proposition 2 (incentive compatibility) ∀t,∀i∈It,∀st,−i,

∀si, s̃i, ∀ξi = f(Xi,t−1),

si truthful ⇒
Ui,t((si, st,−i), ξi) ≥ Ui,t((s̃i, st,−i), ξi) − Ci,ξi

,(16)

with
Ci,ξi

∆
= max

q∈[0,Q]
θi,t(q, ξi) − θ̄i,ξi

(q). (17)

Proof: Let st = (si, st,−i). Note that the conditional
pseudo-valuation functions̄θj,ξj

, j 6= i, are the same if the
multi-bid profile isst or (s̃i, st,−i) and that, from the defini-
tion of Ci,ξi

, θ̄i,ξi
(q) ≤ θi,t(q, ξi) ≤ θ̄i,ξi

(q) + Ci,ξi
,∀q ∈

[0, Q]. We therefore have, using (13):
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Ui,t(st, ξi) − Ui,t((s̃i, st,−i), ξi)

≥ θ̄i,ξi
(ai,t(st)) +

∑

j 6=i

θ̄j,ξj
(aj,t(st)) − Ci,ξi

−θ̄i,ξi
(ai,t(s̃i, st,−i)) −

∑

j 6=i

θ̄j,ξj
(aj,t(s̃i, st,−i))

≥ −Ci,ξi
+

∑

j∈I0
t

(

θ̄j,ξj
(aj,t(st)) − θ̄j,ξj

(aj,t(s̃i, st,−i))

)

︸ ︷︷ ︸

≥0 (Lemma 1)

,

which establishes Proposition 2.
Bidding truthfully therefore ensures that, at each time

slot t, playeri maximizes her utility up to a constant that
is the largest difference between her conditional valuation
and pseudo-valuation functions. Notice that incentive com-
patibility is proved only when reasoning per time slot, con-
ditionally on the past; there may exist untruthful strategies
that lead in some situations to a larger overall utility during
the presence period of a player, given the fact that your cur-
rent allocation affects your future utility. However, playing
truthfully may anyway be the best strategy for users who do
not have an idea of their (random) connection duration, so
that it could stop at any time, or of the evolution of network
conditions in the future (with other users randomly enter-
ing/leaving the game).

4.2 Individual rationality

A second interesting property is individual rationality,
stating that a user who submitted a truthful multi-bid is en-
sured to obtain a non-negative utility, i.e. to be charged
a price equal to or below her valuation for her allocation.
This property implies that a rational user will always enter
the game and continue to play at each time slot.

Proposition 3 ∀t,∀i ∈ It,∀st,−i, ∀ξi = f(Xi,t−1), if user
i submitted a truthful multi-bidsi then

Ui,t(si, st,−i) = θi(ai,t(st), ξi) − ci,t(st) ≥ 0. (18)

Proof: Equation (5) implies

Ui,t(st, ξi) = θi,t(ai,t(st)) − ci,t(st)

= θi,t(ai,t(s))+
∑

j 6=i

[
θ̄j,ξj

(aj,t(st))− θ̄j,ξj
(aj,t(st,−i))

]

≥
∑

j∈It

θ̄j,ξj
(aj,t(st)) −

∑

j 6=i

θ̄j,ξj
(aj,t(st,−i))

≥
∑

j∈It

θ̄j,ξj
(aj,t(st)) − θ̄j,ξj

(aj,t(st,−i)) ≥ 0,

where the last line comes from Lemma 1.

4.3 Efficiency

The last important property we wish to show is (condi-
tional) efficiency. We prove that, at each time slott, con-
ditionally to the past and independently of the future, the
auction scheme allocates efficiently the available resource
among users. The efficiency measure that we consider here
is social welfare, that is the total valuation of users (includ-
ing the seller) for the allocation:

∑

i∈I0
t
θi(ai,t, ξi). This

quantity is also the sum of utilities of all users, if we con-
sider that the utility of the seller is her valuation for her al-
location plus her total revenue,U0,t = θ0(a0,t)+

∑

i∈It
ci,t

for eacht, whereθ0(q) = p0q.
Like for the incentive compatibility property, efficiency

is instantaneous (i.e. at each time slott), which means that
allocations are not necessarily efficient if we consider pe-
riods of several time slots (then in general a discount fac-
tor has to be introduced to compare valuations at different
times). However, once again, such a property indicates that
the mechanism behaves in a good fashion, and may be cho-
sen if the network conditions of the future (number of users
and submitted multi-bids) cannot be predicted.

To establish this property, we add some regularity as-
sumptions on valuation functions:

Assumption B ∃κ > 0 : ∀i ∈ I,∀ξi ∈ Ξi,

• θi(·, ξi) is differentiable in its first argument andθ′i,ξi

(the derivative in the first argument) is continuous,

• ∀z, z′, z > z′ ≥ 0, θ′i,ξi
(z) − θ′i,ξi

(z′) > −κ(z − z′),

• θ′i,ξi
(Q) = 0.

The first and second points of Assumption B were intro-
duced by Lazar and Semret in [13] for valuation functions
independent of the history to prove the efficiency of Pro-
gressive Second Price auctions. The last point states that
the available resource of the link is sufficient to fully satisfy
a user if she is the only one using that link.

For such valuation functions, we have the following effi-
ciency result:

Proposition 4 Under Assumptions A and B, the auction al-
location at each time slot is close to the social welfare opti-
mum, conditionally on the past, when players bid truthfully:
∀It,∀(ξi)i∈It

and truthful multi-bid profilest,

∑

i∈I0
t

θi(ai,t(st),ξi) ≥ sup
ã∈At




∑

i∈I0
t

θi(ãi,ξi)



−Q
√

8κ max
i∈It

Ci,ξi

with A ∆
= {ã = (ãi)i∈I0

t
∈ [0, Q]|I

0
t | :

∑

i∈I0
t
ãi ≤ Q}.
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Proof: Relations (5) and (17) lead to

∀q, q̃ ∈ [0, Q],∀ξi,
∣
∣θi(q, ξi) − θ̄i,ξi

(q) −
(
θi(q̃, ξi) − θ̄i,ξi

(q̃)
)∣
∣ ≤ Ci,ξi

,

or equivalently

∣
∣
∣
∣

∫ q

q̃

[
θ′i,ξi

(x) − θ̄′i,ξi
(x)

]
dx

∣
∣
∣
∣
≤ Ci,ξi

. (19)

Assume now that there existK > 0, ξi andq ≥ 0 such
that

θ′i,ξi
(q) > θ̄′i,ξi

(q) + K. (20)

Then from Assumption B,θ′i,ξi
(q + K

κ
) ≥ θ′i,ξi

(q)−κK
κ

>

0, so thatq + K
κ
∈ [0, Q]. Therefore (19) gives

Ci,ξi
≥

∫ q+ K
κ

q

(
θi,ξi

(x)
′ − θ̄′i,ξi

(x)
)
dx

≥
∫ q+ K

κ

q

(
θ′i,ξi

(q) + κ(q − x) − θ′i,ξi
(q) + K

)
dx =

K2

2κ
,

thus from (20) we have

∀ξi,∀q ∈ [0, Q], θ′i,ξi
(q) − θ̄′i,ξi

(q) ≤
√

2κCi,ξi
. (21)

On the other hand, considerK > 0, ξi andq > 0 such
that θ′i,ξi

(q) < θ̄′i,ξi
(q) − K. Then from Assumption B,

q− K
κ
≥ 0, unless we would haveθ′i,ξi

(0) < θ̄′i,ξi
(q), which

would contradict (5). Applying again (19), we get

−Ci,ξi
≤

∫ q

q−K
κ

(
θ′i,ξi

(x) − θ̄′i,ξi
(x)

)
dx

≤
∫ q

q−K
κ

(
θ′i,ξi

(q)+ κ(q−x)−θ′i,ξi
(q)−K

)
dx =

−K2

2κ
,

therefore

∀ξi,∀q ∈ [0, Q], θ′i,ξi
(q)−θ̄′i,ξi

(q) ≥ −
√

2κCi,ξi
. (22)

We now establish Proposition 4: from (21), (22) and the
immediate relation̄di,ξi

(ū+
t ) ≤ ai,t(st) ≤ d̄i,ξi

(ūt) (that
is a consequence of (9)), we easily get, applying (10) and
(12),

{
θ′i,ξi

(ai,t(st)) ≤ ūt +
√

2κCi,ξi

ai,t(st) > 0 ⇒ θ′i,ξi
(ai,t(st)) ≥ ūt −

√
2κCi,ξi

.

Let It,+ = {i ∈ I0
t : ãi ≥ ai,t(st)} andIt,− = {i ∈ I0

t :

ãt < ai,t(st)}. We have

∑

i∈I0
t

θi(ai,t, ξi) − θi(ãi, ξi)

≥
∑

i∈It,−

θ′i,ξi
(ai,t(st))(ai,t(st) − ãi) −

−
∑

i∈It,+

θ′i,ξi
(ai,t(st))(ãi − ai,t(st))

≥
∑

i∈It,−

(ūt −
√

2κCi,ξi
)(ai,t(st) − ãi) −

−
∑

i∈It,+

(ūt +
√

2κCi,ξi
)(ãi − ai,t(st))

≥ −
√

2κ
∑

i∈It

√

Ci,ξi
|ai,t(st) − ãi|

≥ −2Q
√

2κ max
i

Ci,ξi
,

which gives the proposition.

5 Player and auctioneer behavior

5.1 Multi-bid choice for a user

As pointed out in the previous section, bidding truthfully
at the arrival into the game ensures a useri to obtain at each
time slott a utility that is close to the maximum possible, up
to Ci,f(Xi,t−1). If useri has an a priori probability distribu-
tion of the allocations she will obtain during her connection
period, then she may try to choose her multi-bid so as to
minimize the expected value ofCi,f(Xi,t−1). If she does
not have such an a priori distribution, then a natural way to
choose her bidsi is to try to be as close as possible to the
maximum utility at each time slotin the worst case, that is

si ∈ arg min{max
ξi∈Ξi

Ci,ξi
: si = (sm

i )1≤m≤M truthful}.
(23)

For general valuation functionsθi, finding an analytical ex-
pression of a multi-bid satisfying (23) is beyond the scope
of this paper, but could otherwise be obtained by numerical
optimization procedures (meta-heuristics for instance).

5.2 Trade-off between economical effi-
ciency and computational complexity

Proposition 4 states that the allocation at a given time
slot t is close to the socially optimal one, up to a value that
decreases (if users are rational) when the number of bids
Mi allowed in a multi-bid increases. Moreover, we proved
in [17] that the complexity of computing allocations and
prices given the conditional multi-bids(si,ξi

)i∈It
are of the

orderO
(
|It| ×

∑

i∈It
Mi,ξi

)
, whereMi,ξi

is the number
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of two-dimensional bids insi,ξi
. Notice that at each time

slot, selecting the conditional multi-bidssi,ξi
for all players

in It needs around
∑

i∈It
Mi operations.

Therefore, increasingMi for all users inIt ensures that
the conditional social welfare be close to the optimal one,
but also yields a higher complexity. Depending on the
computational capacities of the auctioneer and the relative
importance of efficiencyversuscomplexity, the auctioneer
may admit at mostM bids of the form(qm

i , ξm
i , pm

i ) in a
multi-bid, and chooseM to balance the trade-off. A study
of this trade-off, as well as a comparison with the PSP
scheme in terms of both complexity and efficiency, has been
realized in [18] in the case of atemporal utility functions,il-
lustrating the advantages of the multi-bids scheme.

6 Numerical illustration

In this section, we present an example of scenario with
different types of users entering and leaving the game over
time. The valuation functions that are used are those de-
scribed in Figure 1. The history-relevant criterion consid-
ered here for each user is his allocation at the previous slot.
We illustrate here the behavior of our scheme for when the
following scenario is applied (the corresponding allocations
and pseudo-market clearing price are plotted in Figure 3 for
Q = 10, M = 200 and truthful bids taken with equally
spaced values ofqm

i andξm
i ):

• the game begins at slott = 0 with only one player,
of type 2 (valuation increasing in the history-relevant
criterion), who leaves the game at timet = 28,

• another type-2 player bids for bandwidth betweent =

7 andt = 16,

• a player of type 3 (valuation decreasing in the history-
relevant criterion) enters the game att = 23, and an-
other one arrives att = 35.

Between time slotst = 7 and t = 16, two identical
players of type 2 are competing for the resource. However,
player 1 was already present upon arrival of player 2, and
had obtained some resource at timet = 6. Therefore due
to his type, he valuates the resource more than player 2 at
time t = 7, which explains that he obtains more resource at
that time. However he obtains less than in the previous slot,
hence his conditional valuation for slott = 8 will decrease,
whereas for the same reason the conditional valuation of
player 2 increases. For the following slots, the allocations
of both players therefore get closer.

The remaining type-2 player then faces a type-3 player
in the interval[23, 28]: when that player enters the game,
he obtains a large amount of resource (due to an important
valuation), which will decrease his conditional valuationfor
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Figure 3. Allocations ai,t (top) and pseudo-
market clearing price ūt (illustrating the con-
gestion level) (bottom) for the scenario de-
scribed in Section 6.
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the next slot. That is the reason why the corresponding al-
location of player 3 is lower at slot24 than at slot23. The
symmetric reasoning applies to the type-2 player.

After slot 35, we have a situation where two identical
players of type 3 compete for bandwidth. Since player 3 had
obtained some resource at slot34, his conditional valuation
is lower than that of player 4, consequently at slot35 player
4 obtains more resource than player 3. At each time slot, the
player who obtains more resource is the one who obtained
less at the previous slot, which explains the oscillations that
occur in Figure 3.

7 Conclusions

In this paper, we have designed an auction scheme to
allocate the available bandwidth of a communication link
among several usersover time. Based on the previously de-
fined multi-bid auction mechanism, we adapted the scheme
to the case when the valuation of users for the resource de-
pends on their history since their arrival in the game, in-
cluding also tighter bounds due to a better approximation
of the true valuation functions. The signaling overhead is
low, since users submit a numberM of 3-dimensional bid
once only for all their connection duration, and do not need
to receive any information, unlike in some other schemes.
Moreover, the computational complexity can be controlled,
and the scheme has been proved to satisfy some properties
in terms of incentives and social welfare maximization.

Some more work can be done to take into account
history-dependent valuations: in this paper we assumed
the dependency to be monotone in the history-relevant cri-
terion, in order to define properly the conditional multi-
bid and the conditional valuation function. Adapting the
scheme described here to the case when the dependency is
not monotone would deserve some attention.
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[16] P. Maillé and B. Tuffin. A progressive second price mecha-
nism with a sanction bid from excluded players. InProc. of
ICQT’03, LNCS 2816, pages 332–341, Munich, Germany,
Sept 2003. Springer.
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